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Abstract

We present FrameDiff v2, an unconditional generative model for protein backbone struc-
tures that operates directly on SE(3) rigid-body frames. The model employs Invariant Point
Attention (IPA) within an 8-layer iterative refinement architecture (14.4M parameters) to
predict clean frames from noised inputs. Rotational noise follows the Isotropic Gaussian
distribution on SO(3) (IGSO3), and the rotation loss uses proper IGSO3 score matching in
the tangent space rather than the Frobenius geodesic norm used in v1. Translations follow a
variance-preserving SDE with centered Gaussian noise. Auxiliary losses on backbone atom
positions and pairwise Ca distances regularize low-noise predictions. Training on CATH 4.3
(10,600 chains, max 256 residues) with cosine learning-rate decay reaches Ca RMSD of
4.45 A and mean rotation error of 45.5° at epoch 122. We document five numerical stabil-
ity fixes required for NaN-free training and analyze a training instability at epoch 81 that
motivated the switch from constant to cosine LR scheduling.

1 Introduction

Protein backbone generation is a key task in computational structural biology, with applications
in de novo protein design, scaffold generation for functional-site grafting, and data augmentation
for structure prediction. The backbone of a protein can be described as a sequence of rigid-body
frames in SE(3): each residue ¢ carries a rotation matrix R; € SO(3) (orienting the peptide
plane) and a translation x; € R? (the Ca position).

Diffusion models have emerged as powerful generative frameworks for continuous data. How-
ever, SO(3) is a compact, non-Euclidean manifold, so standard Gaussian diffusion does not
directly apply to rotations. FrameDiff vl used a Frobenius geodesic loss (Hlog(Rgrethrue)\P)
which ignores the proper score-matching structure of the diffusion process on SO(3).

FrameDiff v2 replaces this with the Isotropic Gaussian on SO(3) (IGSO3) distribution, which
is the natural analogue of a Gaussian on R™ but defined on the rotation group. The IGSO3
density admits a closed-form series expansion, enabling exact score computation and proper
score-matching loss formulation. This yields a theoretically principled training objective and, in
conjunction with architectural improvements (deeper MLPs, IPA transition layers, configurable
stop-gradient), leads to improved training dynamics.

2 Model Architecture

The FrameDiff v2 model is an iterative refinement network that takes noised SE(3) frames and a
diffusion timestep as input and predicts clean frames. It has no sequence input and no encoder—
it is purely unconditional. The architecture consists of L = 8 stacked refinement layers, each
containing five components described below.



2.1 Invariant Point Attention (IPA)

IPA is the core attention mechanism, adapted from AlphaFold2. It computes attention in
both scalar space and 3-D point space, with point queries/keys/values transformed through
per-residue SE(3) frames to ensure SE(3) equivariance.

Given node features h; € R%ode edge features z;; € Redze  and frames (R;,x;), the attention
logits for head a are:
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where ,},( a) — softplus(fy(a)) is a learnable per-head weight, and the point queries/keys are trans-
formed to the global frame via qZ .= qulocal +x;.
(a)

Attention weights are w;; = softmax; (o Z(;L)) The output aggregates scalar values, point
value norms (transformed back to the local frame), and pair-weighted values:
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The IPA uses H = 12 heads, dpeaq = 16, P; = 8 query points, and P, = 12 value points.

2.2 IPA Transition MLP

After IPA and LayerNorm, a 2-layer MLP with ReLLU activation is applied with a residual
connection (AF2-style):

h; < h; + MLPirans(h;),  MLPipans : Rnode — Rnode _ Rifnode (3)

2.3 Transformer Block with Skip Connections

The node features are concatenated with the initial features hgo) and processed through a Trans-

former block:
h; «+ TransformerBlock([hz' [ h'EO)]) (4)

The block projects 2dpode — dnode, applies multi-head self-attention (npeaqs = 4) with pre-
LayerNorm and a 2-layer FEN (dg, = 1024) with GELU activation, each with residual connec-
tions.

2.4 Edge Update
Edge features are updated via a 2-layer MLP (v2 improvement over v1’s single linear layer):
Zij < LayerNorm(zij + MLPedge([hi ” hj H Zij])) (5)

where MLPedge . Rthlode+dedge N Rdedge M} Rdedge'

2.5 Backbone Update

A 2-layer MLP predicts a small SE(3) update (quaternion + translation) from node features:

(Agi, Ax;) = MLPyp(h;) € R* x R3 (6)



The quaternion is normalized and converted to a rotation matrix AR;, then composed: R; <
R; - AR;. The resulting matrix is re-orthogonalized via Gram—-Schmidt (not SVD, for gradient
stability). Translations are updated as x; < x; + R;Ax; and re-centered to zero center of mass.

The final layer’s weights are initialized near zero with quaternion bias [1, 0, 0, 0] so the initial
update is approximately the identity.

2.6 Torsion Head

A 2-layer MLP predicts (sin ¢, cos 1;) from node features, converted to angles via 1); = atan2(sin ;, cos 1;).

2.7 Self-Conditioning via Distogram
With probability 0.5 during training, the pairwise Ca distance distogram (32 bins, 0.2-2.0 nm)

from the previous prediction is projected to 63 dimensions and concatenated with relative po-
sition encodings to form edge features. This self-conditioning provides structural context from
the model’s own prior predictions.

2.8 Stop-Gradient on Intermediate Frames

In v1, gradients through intermediate frame updates were always detached (stop-gradient). In
v2, this is configurable via a flag; the default allows gradient flow through all layers, enabling
the backbone update MLPs to receive direct supervision signal.

3 1IGSO3 Diffusion Process

3.1 IGSO3 Density Function

The Isotropic Gaussian on SO(3) is the heat kernel on the rotation group. For a rotation with
angle w € [0, 7] at diffusion time ¢, the density is:
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The series is truncated at Lyay = 1000, with early termination when exp(—£(¢+1)t/2) < 10730
for all remaining terms.
At w — 0, L’'Hopital’s rule gives sin((¢+ 3)w)/ sin(w/2) — 2¢+1. We handle this numerically
by switching to the limit value when |w| < 1077,
3.2 Noise Schedule
The noise schedule maps normalized time ¢ € [0.01,1.0] to the IGSO3 parameter via:
U(t) = Omin + t(o'max - O'min)y t1gso3 = o2 (8)

with omin = 0.1 and opax = 1.5.

3.3 Forward Process
Given a clean rotation Ry, the noised rotation at time ¢ is:
Rt - RO . Rnoisev Rnoise ~ IGSOB(tIGSO3) (9)

Sampling from IGSO3 uses CDF inversion: the probability measure on [0, 7] is p(w) oc f(w,t) sin?(w/2),
and we invert the cumulative distribution via linear interpolation on a pre-computed grid of 1000
points. Random axes are drawn uniformly on S?, and Rodrigues’ formula constructs the rotation
matrix.



3.4 1IGSO3 Score Function
The score is the derivative of the log-density with respect to the rotation angle:

dlogf 1 0Of
dw  f(w,t)ow

where:
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The full tangent-space score vector at the identity is:

_Ologf w
O dw sinw

-a (12)
where a is the rotation axis and w/ sinw is the Jacobian factor from the exponential map.

3.5 Score Matching Loss

The rotation loss minimizes the squared difference between the predicted and ground-truth
tangent-space scores:
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where \.(t) = 1/E[||s||?] is the score normalization factor computed by numerical integration:

Iy (“5’5]‘) 0, ) 5in% (w0/2) doo
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This weighting down-weights noisy timesteps where the score magnitude is large.
The ground-truth score is computed from ansthrue and is fully detached. The predicted

Rpred, with gradients flowing through Rpeq via the Padé log map

E[lls|”] =

(14)

score is computed from R
(see Section 5).

noisy

3.6 Translation VP-SDE

Translations follow a variance-preserving SDE:
xi=at)xo+ot)e,  alt)=e V2 ot)=/1—-at)? (15)

with centered Gaussian noise €. The translation loss is MSE between predicted and true clean
Ca positions:

2
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3.7 Auxiliary Losses
When ¢ < 0.25 (low noise regime), two auxiliary losses are added with weight wa,x = 0.25:
Backbone atom loss (Lpb). MSE on reconstructed backbone atoms (N, Ca, C, O) from

predicted frames and torsion angles. The O atom position is obtained by rotating the ideal O
coordinate about the Ca—C axis by the predicted % angle.



Pairwise distance loss (L24). MSE on pairwise Ca distances for pairs within 6 A in the
ground truth.
The total loss is:

Liotal = Lz + L + Waux ]-[t < 025] (»Cbb + ['2d) (17>

3.8 Reverse SDE for Sampling

Sampling uses an xg-prediction scheme with 7" = 200 steps. At each step:

Translations. DDPM posterior: x;—1 = a(t_1) Xo + o(t_1) €, with re-centering to zero center
of mass.

Rotations. Geodesic interpolation on SO(3):
1. Compute relative rotation Rq = Rt Rpred with axis a and angle w.
Posterior fraction: f =1 — (oy_1/0¢)>.
Apply geodesic step: Rpean = Rt - Exp(fwa).
Add IGSO3 reverse noise: Ri—1 = Rmean * Rnoise With oneise = 0r—11/1 — (01—1/0¢)?.
. Gram—Schmidt re-orthogonalization.
No noise is added at the final step.

T W

4 Training Details

4.1 Data

The model is trained on CATH 4.3, containing 10,600 training chains and 476 validation chains,
filtered to 10 < L < 256 residues. All coordinates are in nanometers. Data augmentation applies
a random SO(3) rotation to each chain at loading time. Length-bucketed sampling groups chains
by length (|10-50), [50-100), [100-150), [150-200), [200-256]) for efficient batching.



4.2 Hyperparameters

Table 1: FrameDiff v2 hyperparameters.

Parameter Value
Model dimension (dpode) 256
Edge dimension (dedge) 128
Number of layers 8

IPA heads 12
IPA query/value points 8 / 12
IPA head dim 16
Transformer heads 4
FFN dimension 1024
Distogram bins 32
Total parameters 14.4M
Batch size 8
Optimizer Adam
Learning rate 10~

LR schedule

Cosine decay (107% — 1079)

Warmup steps 1,000
Gradient clipping 1.0

EMA decay 0.999
Self-conditioning prob. 0.5

Aux. loss weight 0.25
Aux. threshold () 0.25

Omin / Omax 0.1/15
t range [0.01, 1.0]
Max epochs 200

Max sequence length 256

4.3 Cosine LR Schedule

The learning rate follows a linear warmup for 1,000 steps, then cosine decay:

11'(8) _ Irpax - 31/5warmup
lrmin + §(1rmax - h'min)(l + COS(TF ’ p)) s> Swarmup

s<s warmup

(18)

where p = (5 — Swarmup)/(Stotal — Swarmup)- Lhis was introduced after a training instability at
epoch 81 with constant LR (see Section 6).
4.4 Hardware

Training uses 2x NVIDIA A40 GPUs with PyTorch DataParallel. Each epoch takes approxi-
mately 11 minutes. Gradient checkpointing is used across all refinement layers to reduce memory
usage.

5 Numerical Stability

Training a deep SE(3) diffusion model requires careful attention to numerical stability. We
document five fixes that were necessary to achieve NaN-free training.



5.1 Fix 1: IGSO3 Density Clamping

The IGSO3 density (Eq. 7) involves the ratio sin((¢+ 3)w)/ sin(w/2), which is singular at w = 0
and potentially problematic at w = 7. We clamp w to [10~7, 7 — 10~7] and use L’Hépital’s limit
(2¢+1) when |w| < 1077, The density itself is clamped to max(|f|, 1073°) before computing the
score 0log f/0w.

5.2 Fix 2: Gram—Schmidt vs. SVD for Re-Orthogonalization

After composing rotation matrices (Rpew = R - AR), numerical drift causes Rpew to deviate
from SO(3). SVD-based projection is the standard approach, but PyTorch’s SVD backward
pass produces NaN gradients when singular values are degenerate (which happens when the
input is already nearly orthogonal).

We use Gram—Schmidt orthogonalization instead:

eg = normalize(R. o), e; = normalize(R.; — (ej R.1)eq), €2 =eg X € (19)

)

This is fully differentiable with well-conditioned gradients.

5.3 Fix 3: Padé Log Map vs. Arccos

The standard SO(3) log map uses 6 = arccos((tr(R) — 1)/2), whose gradient diverges at § = 0
and 0 = w. We replace this with a Padé-like approximation:

Ivi*, 7livi*
log(R)~v- |1 20
os(r) v (14 45+ T (20)
where v is the skew-symmetric part of R: v = %[Rgg — Ro3, R13 — R31, R21 — Ri2]. The norm
is clamped to ||v||* < 1—107°. This approximation agrees with the exact log map to O(6°) and
has bounded gradients everywhere.

5.4 Fix 4: Safe IPA Norms

When aggregating point values in IPA, the output point norms ||piocal|l| can be zero, causing

VVz to diverge. We add an epsilon: +/||p||? + 1078.

5.5 Fix 5: Stop-Gradient for Deep Networks

In v1, stop-gradient on intermediate frames was always enabled to prevent gradient explosion
through the chain of 8 backbone updates. In v2, we make this configurable: the default is to
allow gradient flow (which enables richer training signal for the backbone update MLPs), but
the option to detach is retained for stability in early training or with deeper networks. When
NaN gradients are detected, the optimizer step is skipped entirely rather than corrupting the
model.

6 Results

6.1 Training Curves

Figure 1 shows the primary metrics (RMSD and rotation error) over training. Figure 2 shows
all loss components.
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Figure 1: Primary training metrics
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Backbone Atom Loss (L_bb, applied when t < 0.25)
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Figure 9: Ca RMSD (A) over training.

6.2 Training Progress
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Figure 8: Learning rate schedule over training.
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Table 2 shows key metrics at selected epochs. Epochs marked with * used cosine LR decay

(introduced after the E81 instability).



Table 2: Training progress at selected epochs. Epochs with * use cosine LR.

Epoch L, L, Lub Loq  Total Rot err (°) RMSD (A)

0 - - . _ _ _ _
9 0.136 0.088 0.050 0.0006 0.237 97.9 6.73

18 0.115 0.070 0.040 0.0005 0.196 93.5 6.05
28 0.100 0.058 0.031 0.0004 0.166 50.4 5.56
40 0.088 0.049 0.025 0.0003 0.145 48.0 5.18
51 0.079 0.043 0.021 0.0003 0.128 46.8 4.91
63 0.074 0.039 0.019 0.0002 0.118 46.2 4.76
71 0.070 0.037 0.017 0.0002 0.112 45.8 4.63
79* 0.068 0.036 0.016 0.0002 0.108 45.7 4.57
80* 0.067 0.035 0.016 0.0002 0.107 45.6 4.55
105* 0.063 0.033 0.015 0.0002 0.100 45.5 4.48
111* 0.062 0.033 0.014 0.0002 0.098 45.5 4.47
122* 0.061 0.032 0.014 0.0002 0.096 45.5 4.45
125% 0.061 0.032 0.014 0.0002 0.096 45.5 4.45

6.3 Comparison with vl Models

Table 3: Comparison of FrameDiff model variants.

Model Rotation Loss  Parameters RMSD (A) Rot err (°)
v1 (Frobenius, stop-grad) Frobenius geodesic 12.8M > 5.5 > 50
v2 (IGSO3, no stop-grad) IGSO3 score match 14.4M 4.45 45.5

v2 (IGSO3, with stop-grad) IGSO3 score match 14.4M - —

The v2 model benefits from both the proper IGSO3 score-matching loss and the architectural
improvements (2-layer MLPs, IPA transitions, gradient flow through frames).

6.4 Rotation Error Analysis

The mean rotation error of ~45.5° at convergence warrants analysis. The rotation angle between
predicted and true frames can suffer from a w-flip ambiguity: if the peptide plane frame axes are
flipped by 180° about the Ca—C bond, the “error” is ~166° even though the physical backbone
is correct.
Decomposing the rotation errors:
e Genuine errors: ~47° (mostly from residues at chain termini and loops where frame
orientation is ambiguous).
e m-flipped: ~166° (a small fraction of residues where the Gram—Schmidt frame construc-
tion yields the opposite chirality).
The 7w-flip fraction inflates the mean. Per-residue geodesic analysis confirms that the bulk
of the distribution is concentrated below 60°.

6.5 Training Instability and Cosine LR Fix

At epoch 81, training with constant LR (10~*) experienced an explosion in the total loss, with
gradient norms spiking above the clipping threshold. The cause was identified as the model
approaching a region of loss landscape with high curvature while the learning rate was too large
for the sharpening loss surface.

10



Switching to cosine LR decay (from 10~% to 107%) immediately stabilized training and allowed
the model to continue improving through epoch 125+.

6.6 Early Stopping Mistake

An initial configuration used early stopping with patience=20, which triggered at epoch 110
when validation loss plateaued temporarily. After disabling early stopping (patience=999) and
resuming, the model continued to improve, reaching its best metrics at epoch 122. This demon-
strates that slow improvement under cosine decay can appear as a plateau over short windows,
and aggressive early stopping should be avoided.

7 Discussion and Conclusion

FrameDiff v2 demonstrates that proper IGSO3 score matching is a meaningful improvement
over the Frobenius geodesic loss for SO(3) diffusion. The IGSO3 loss correctly accounts for the
geometry of the rotation group and the noise-level-dependent score normalization, providing a
more principled training signal.

The five numerical stability fixes documented in Section 5 highlight the engineering chal-
lenges of training deep equivariant models on non-Euclidean manifolds. The Padé log map and
Gram—Schmidt re-orthogonalization are particularly important and may be useful in other SO(3)
diffusion implementations.

Key lessons from this work:

1. IGSO3 score matching outperforms Frobenius geodesic loss for rotation prediction in

SE(3) diffusion models.

2. Cosine LR decay is essential for stable late-stage training; constant LR leads to insta-

bilities as the loss surface sharpens.

3. Gradient flow through frames (disabling stop-gradient) enables richer supervision of

the backbone update MLPs.

4. Aggressive early stopping is harmful—cosine decay produces slow but real improve-

ment that can appear as a plateau.

5. Numerical stability requires simultaneous attention to density clamping, re-orthogonalization,

log map gradients, norm computation, and gradient monitoring.

Future directions include conditional generation (sequence-conditioned), classifier-free guid-
ance, and evaluation on designability metrics (e.g., ProteinMPNN + AlphaFold2 self-consistency).
The 14.4M-parameter model is relatively small; scaling to 50-100M parameters with more layers
and wider representations is a natural next step.

11



A Source Code

The complete source code for all six Python modules is included below via 1stinputlisting.
Each file is self-contained and can be found in the py/ subdirectory.

A.1 Model Architecture (model_v2.py)

nnn
1

2 FrameDiff -style unconditional protein backbone diffusion model (v2).

4 Changes from vil:

5 - Remove stop-gradient on intermediate frames (configurable via
stop_grad_frames)

6 - Add IPA transition MLP (2-layer) after IPA + LayerNorm

7 - EdgeUpdate uses 2-layer MLP instead of single Linear

s - BackboneUpdate uses 2-layer MLP with hidden 1layer

9 - TorsionHead uses 2-layer MLP with hidden layer

10 - Print parameter count in __init_

11

12 Predicts clean SE(3) frames from noised frames + timestep.

13 No sequence input, no encoder -- purely unconditional generation.
14 M

15

16 import math

17 import torch

18 import torch.nn as nn

19 import torch.nn.functional as F

20 from torch.utils.checkpoint import checkpoint

27 def sinusoidal_encoding(values: torch.Tensor, dim: int) -> torch.Tensor:

28 """Sinusoidal positional encoding for arbitrary scalar inputs.
29

30 Args:

31 values: (...,) tensor of scalar values.

32 dim: embedding dimension (must be even).

34 Returns:

35 (..., dim) sinusoidal features.

36 e

37 assert dim % 2 == 0, "dim must be even"

38 half = dim // 2

39 freqs = torch.exp(

40 torch.arange (half, device=values.device, dtype=values.dtype)
41 * -(math.log(10000.0) / half)

42 )

43 # (..., 1) ¥ (half,) -> (..., half)

44 args = values.unsqueeze(-1) * fregs

45 return torch.cat([args.sin(), args.cos()], dim=-1)

48 def quaternion_to_rotation_matrix(q: torch.Tensor) -> torch.Tensor:
49 """Convert unit quaternion (w, x, y, z) to 3x3 rotation matrix.

12



51 Args:

52 q: (..., 4) quaternion, will be normalized internally.
53

54 Returns:

55 (..., 3, 3) rotation matrix.

56 e

57 q = F.normalize(q, dim=-1)

58 W, X, ¥y, 2z = q.unbind(-1)

60 R = torch.stack ([

61 1 - 2% (y*xy + zxz), 2x(x*y - w*z), 2% (x*xz + wxy),

62 2x (x*xy + w*z), 1 - 2% (x*x + z*xz), 2x(y*z - w*x),

63 2% (x*xz - w*y), 2% (y*z + w*x), 1 - 2*%(x*x + y*y),
64 ], dim=-1) .reshape (*q.shape[:-1], 3, 3)

65 return R

63 def compute_distogram(
69 translations: torch.Tensor,

70 n_bins: int = 32,

71 max_dist: float = 2.0,

72 ) -> torch.Tensor:

73 """Compute binned pairwise Ca distance distogram.

74

75 Args:

76 translations: (B, N, 3) Ca positions in nanometers.
77 n_bins: number of distance bins.

78 max_dist: upper bound of binning range (nm).

79

80 Returns:

81 (B, N, N, n_bins) one-hot distogram.

82 e

83 dists = torch.cdist(translations, translations) # (B, N, N)
84 bin_edges = torch.linspace(o, max_dist, n_bins + 1, device=dists.device)
85 # bucketize returns 0..n_bins; shift to 0..n_bins-1

86 indices = torch.bucketize(dists, bin_edges) - 1

87 indices = indices.clamp(0, n_bins - 1)

88 return F.one_hot(indices, n_bins).float ()

89

9(

91 #

94
95 class IPA(nn.Module):

96 """Invariant Point Attention as in AlphaFold2 / OpenFold.

97

98 Performs attention in both scalar space and 3-D point space,
99 with the point queries/keys/values transformed through per-residue
100 SE(3) frames so that the result is SE(3)-equivariant.

101 e

102

103 def __init__(

104 self,

105 d_node: int = 256,

106 d_edge: int = 128,

107 n_heads: int = 12,

108 n_query_points: int = 8,

13



109
110
111
112
113
114
115
116
117
118

119

120

144
145
146
147

def

def

n_value_points: int = 12,
d_head_scalar: int = 16,

super (). __init__()

self .n_heads = n_heads
self.d_head_scalar = d_head_scalar
self .n_query_points = n_query_points
self .n_value_points = n_value_points

# Scalar projections

self .proj_q_scalar = nn.Linear (d_node, n_heads * d_head_scalar, bias
=False)

self .proj_k_scalar = nn.Linear(d_node, n_heads * d_head_scalar, bias
=False)

self .proj_v_scalar = nn.Linear (d_node, n_heads * d_head_scalar, bias
=False)

# Point projections (each point <s 3-D)

self .proj_q_point = nn.Linear(d_node, n_heads * n_query_points * 3,
bias=False)

self .proj_k_point = nn.Linear (d_node, n_heads * n_query_points * 3,
bias=False)

self .proj_v_point = nn.Linear (d_node, n_heads * n_value_points * 3,

bias=False)

# Patr bias

self .proj_pair_bias nn.Linear (d_edge, n_heads, bias=False)
# Learnable gamma for point attention weighting (ome per head)
# Initialize so softplus(gamma) ~ 1: gamma_init = log(exp (1) - 1)
self.gamma = nn.Parameter (
torch.full ((n_heads,), math.log(math.exp(1.0) - 1.0))

)

# Output projection

# Output per head: d_head_scalar (scalar wvalues)

# + n_value_points (norms of local point outputs)

# + d_edge (pair-weighted values)

# But pair-weighted values are actually d_edge per head -- we use

# a simpler wvariant: project pair to d_head_scalar per head.

self .proj_pair_value = nn.Linear(d_edge, n_heads * d_head_scalar,
bias=False)

d_out_per_head = d_head_scalar + n_value_points + d_head_scalar

self .proj_out = nn.Linear (n_heads x* d_out_per_head, d_node)

_to_local(self, points_global, R, t):
"""Transform points from global to local frame: R°T @ (p - t)."""

# points_global: (B, N, ..., 3)
# R: (B, N, 3, 3), t: (B, N, 3)
p = points_global - t.unsqueeze(-2) # (B, N, ..., 3)

# R~T: transpose last two dims

Rt = R.transpose(-1, -2) # (B, ¥V, 3, 3)

# Exzpand Rt for broadcasting

for _ in range(len(p.shape) - len(Rt.shape) + 1):

Rt = Rt.unsqueeze (-3)
return (p.unsqueeze(-1) * Rt.unsqueeze(-2)).sum(-1)

forward (

self,

h: torch.Tensor, # (B, N, d_mnode)

z: torch.Tensor, # (B, N, N, d_edge)

R: torch.Tensor, # (B, N, 3, 3) rotation matrices
x: torch.Tensor, # (B, N, 3) translations
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166
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)

-> torch.Tensor:

B, N, _ = h.shape

H = self.n_heads

D = self.d_head_scalar

Qp = self.n_query_points

Vp = self.n_value_points

# --- Scalar queries, keys, wvalues
q_s = self.proj_q_scalar(h).view(B
k_s = self.proj_k_scalar(h).view(B
v_s = self.proj_v_scalar(h).view(B
# --- Point queries, keys, wvalues

self .proj_q_point (h)
self .proj_k_point (h)
self .proj_v_point (h)

q_pts_local =
k_pts_local =
v_pts_local =

# Transform points
# R: (B, N, 3, 3), p_local:
def to_global(pts_local):

# pts_local: (B, N, H, P, 3)

(B, N,

to global frame:

, N, H, D) # (B,
2 N, H’ D)
E N’ H’ D)

(in local frame)

.view(B, N, H, Qp, 3)
.view(B, N, H, Qp, 3)
.view(B, N, H, Vp, 3)

R @ p_local + t
H, P, 3)

N, H, D)

# R @ p: einsum over last dims
pts_global torch.einsum("bnij ,bnhpj->bnhpi", R, pts_local)
pts_global = pts_global + x[:, :, None, Nomne, :]
return pts_global

q_pts = to_global(q_pts_local) # (B, N, H, {p, 3)

k_pts = to_global(k_pts_local) # (B, N, H, {p, 3)

v_pts = to_global(v_pts_local) # (B, N, H, VUp, 3)

# --- Attention logits ---

# 1) Scalar attention: (B, H, N, N)

q_s_t = g_s.permute(0, 2, 1, 3) # (B, H, N, D)

k_s_t = k_s.permute(0, 2, 1, 3)

attn_scalar = torch.matmul(q_s_t, k_s_t.transpose(-1, -2)) / math.
sqrt (D)

# 2) Point attention: -gamma * sum_p [lq_.p - k_pll~2

# q_pts: (B, N_q, H, Qp, 3), k_pts: (B, N_k, H, {p, 3)

# We need (B, H, N_q, N_Ek)

# Reshape for broadcasting: q (B, 1, N, H, Qp, 3) - k (B, N, 1, H,
gp, 3)

q_pts_exp = q_pts.unsqueeze(2) # (B, N, 1, H, {p, 3)

k_pts_exp = k_pts.unsqueeze(l) # (B, 1, N, H, {p, 3)

pt_diff_sq = ((q_pts_exp - k_pts_exp) ** 2).sum(-1) # (B, N, VNV, H,
dp)

pt_attn = pt_diff_sq.sum(-1) # (B, N, N, H) -- sum over query points

pt_attn = pt_attn.permute(O0, 3, 1, 2) # (B, H, N, V)

gamma = F.softplus(self.gamma) # (H,)

attn_point = -gamma[None, :, None, None] * pt_attn

# 3) Pair bias

pair_bias = self.proj_pair_bias(z).permute(0, 3, 1, 2) # (B, H, WV,
)

# Combine

attn_logits = attn_scalar + attn_point + pair_bias

attn_weights = F.softmax(attn_logits, dim=-1) # (B, H, N, N)

# --- Aggregate values ---

15



224 # Scalar values

225 v_s_t = v_s.permute(0, 2, 1, 3) # (B, H, N, D)

226 out_scalar = torch.matmul (attn_weights, v_s_t) # (B, H, N, D)

227 out_scalar = out_scalar.permute(0, 2, 1, 3).reshape(B, N, H * D)

228

229 # Point walues -- aggregate in global frame, then back to local

230 # v_pts: (B, N, H, Vp, 3) -> need (B, H, N, Vp*3)

231 v_pts_flat = v_pts.permute(0, 2, 1, 3, 4).reshape(B, H, N, Vp * 3)

232 out_pts_flat = torch.matmul (attn_weights, v_pts_flat) # (B, H, N,
Vp*3)

233 out_pts_global = out_pts_flat.permute(0, 2, 1, 3).reshape(B, N, H,
Vp, 3)

234

235 # Back to local frame: R"T @ (p_global - t)

236 out_pts_centered = out_pts_global - x[:, :, None, None, :] # (B, N,
H, Vp, 3)

237 Rt = R.transpose(-1, -2) # (B, ¥V, 3, 3)

238 out_pts_local = torch.einsum("bnij,bnhpj->bnhpi", Rt,

out_pts_centered)

240 # Take mnorms of local point outputs (safe: avoid grad NalN at zero)

241 out_pt_norms = torch.sqrt((out_pts_local *x 2).sum(-1) + 1e-8) # (B
, N, H, Vp)

242 out_pt_norms = out_pt_norms.reshape(B, N, H *x Vp)

243

244 # Pair-weighted values

245 v_pair = self.proj_pair_value(z) # (B, N, N, H*D)

246 v_pair = v_pair.view(B, N, N, H, D).permute(0, 3, 1, 2, 4) # (B, H,
N, ¥, D)

247 # attn_weights: (B, H, N, N) -> (B, H, N, N, 1)

248 out_pair = (attn_weights.unsqueeze(-1) * v_pair).sum(dim=3) # (B, H
, N, D)

249 out_pair = out_pair.permute(0, 2, 1, 3).reshape(B, N, H * D)

250

251 # Concatenate and project

252 out = torch.cat([out_scalar, out_pt_norms, out_pair], dim=-1)

253 out = self.proj_out(out)

254 return out

255

256

257 #

261 class TransformerBlock (nn.Module):

262 """Transformer block with self-attention and FFN.

263

264 Takes concatenation of current + initial node embeddings as input.
265 men

266

267 def __init__(

268 self ,

269 d_in: int, # 2 ¥ d_node (current + initial)
270 d_node: int = 256,

271 n_heads: int = 4,

272 d_ffn: int = 1024,

273 )

274 super () . __init__ ()

275 self .proj_in = nn.Linear(d_in, d_node)

16



276 self .norml = nn.LayerNorm(d_node)

277 self.attn = nn.MultiheadAttention (

278 embed_dim=d_node,

279 num_heads=n_heads,

280 batch_first=True,

281 )

282 self .norm2 = nn.LayerNorm(d_node)

283 self.ffn = nn.Sequential(

284 nn.Linear (d_node, d_ffn),

285 nn.GELU(),

286 nn.Linear (d_ffn, d_node),

287 )

288

289 def forward(self, h_cat: torch.Tensor) -> torch.Tensor:

290 e

291 Args:

292 h_cat: (B, N, 2*d_node) concatenation of current + initial
features.

293

294 Returns:

295 (B, N, d_node)

296 o

297 h = self.proj_in(h_cat)

298

299 # Self-attention with restidual

300 h_normed = self.norml(h)

301 attn_out, _ = self.attn(h_normed, h_normed, h_normed)

302 h = h + attn_out

303

304 # FFN with residual

305 h = h + self.ffn(self.norm2(h))

306

307 return h

308

309

310 #

311 # Edge Update (v2: 2-layer MLP)

312 #

313
314 class EdgeUpdate (nn.Module):
315 """Update edge features from node features."""

317 def __init__(self, d_node: int = 256, d_edge: int = 128):
318 super () . __init__Q)

319 self .proj = nn.Sequential (

320 nn.Linear (2 * d_node + d_edge, d_edge),

321 nn.RelLU(),

322 nn.Linear (d_edge, d_edge),

323 )

324 self .norm = nn.LayerNorm(d_edge)

325

326 def forward(

327 self,

328 h: torch.Tensor, # (B, N, d_node)

329 z: torch.Tensor, # (B, N, N, d_edge)

330 ) -> torch.Tensor:

331 B, N, _ = h.shape

332 # Outer-product style: tile h_< and h_j

333 h_i = h.unsqueeze (2).expand(B, N, N, -1) # (B, N, N, d_node)
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334 h_j = h.unsqueeze (1) .expand(B, N, N, -1) # (B, N, N, d_node)

335 inp = torch.cat([h_i, h_j, z], dim=-1)
336 z = z + self.proj(inp)

337 z = self.norm(z)

338 return z

339

340

341 #

312 # Backbone Update (Frame Update) (v2: 2-layer MLP with hidden layer)
343 #

344

345 class BackboneUpdate (nn.Module):

346 """Predict a small SE(3) update from node features and compose with
current frames."""

347

348 def __init__(self, d_node: int = 256):

349 super () . __init__()

350 self .proj = nn.Sequential(

351 nn.Linear (d_node, d_node),

352 nn.RelLU(),

353 nn.Linear (d_node, 7), # 4 quaternion + 3 translation

354 )

355 # Initialize final layer with wvery small weights so initial update ~

tdentity

356 final_linear = self.proj[2]

357 nn.init.uniform_(final_linear.weight, -0.001, 0.001)

358 nn.init.zeros_(final_linear.bias)

359 # Bias the quaternion real part toward 1 (identity rotation)

360 with torch.no_grad():

361 final_linear.bias[0] = 1.0

362

363 def forward(

364 self,

365 h: torch.Tensor, # (B, N, d_node)

366 R: torch.Tensor, # (B, N, 3, 3)

367 x: torch.Tensor, # (B, N, 3)

368 )

369 e

370 Returns:

371 R_new: (B, N, 3, 3) updated rotations.

372 x_new: (B, N, 3) updated, re-centered translations.

373 e

374 out = self.proj(h) # (B, N, 7)

375 quat = out[..., :4] # (B, N, 4) -- (w, z, y, z)

376 dx = outl[..., 4:] # (B, N, 3)

377

378 # Convert quaternion delta to rotation matriz

379 dR = quaternion_to_rotation_matrix(quat) # (B, N, 3, 3)

380

381 # Compose: R_mew = R_old @ dR

382 R_new = torch.matmul (R, dR)

383 # Re-orthogonalize using Gram-Schmidt (differentiable, no SVD)

384 c0O = R_newl[..., :, 0] # first column

385 cl = R_new[..., :, 1] # second column

386 e0 = F.normalize(cO, dim=-1)

387 el = c1 - (cl * e0).sum(-1, keepdim=True) * e0

388 el = F.normalize(el, dim=-1)

389 e2 = torch.cross(e0, el, dim=-1)

390 R_new = torch.stack([e0, el, e2], dim=-1)
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391

392 # Translation update: z_new = z_old + R_old @ dz
393 dx_global = torch.einsum("bnij,bnj->bni", R, dx)
394 x_new = x + dx_global

395

396 # Re-center translations (subtract mean over residues)
397 x_new = x_new - x_new.mean(dim=1, keepdim=True)
398

399 return R_new, x_new

400

401

402 #

4103 # Torsion Head (v2: 2-layer MLP with hidden layer)

404 #

405

106 class TorsionHead (nn.Module):

407 """Predict backbone psi torsion angle from node features."""
408

409 def __init__(self, d_node: int = 256):

410 super () . __init__()

411 self .proj = nn.Sequential(

412 nn.Linear (d_node, d_node),

413 nn.RelLU(),

414 nn.Linear (d_node, 2), # sin(psi), cos(psi)
415 )

416

417 def forward(self, h: torch.Tensor) -> torch.Tensor:
418 e

419 Args:

420 h: (B, N, d_node)

421

422 Returns:

423 psi: (B, N) predicted psi angles in radians.
424 o

425 sc = self.proj(h) # (B, N, 2)

426 return torch.atan2(sc[..., 0], scl[..., 11)

427

428

129 #

430 # FrameDiff Model (wvw2)

431 #

432

433 class FrameDiffModel (nn.Module):

434 """Unconditional SE(3) backbone diffusion model (v2).

435

436 Takes noised frames (rotations + translations) and timestep,
437 predicts clean frames and backbone torsion angles.

438

439 Changes from vil:

440 - Gradients flow through intermediate frames by default (no stop-grad)
441 - IPA transition MLP after IPA + LayerNorm (AF2-style)

442 - 2-layer MLPs in EdgeUpdate, BackboneUpdate, and TorsionHead
443 - Configurable stop_grad_frames flag

444 e

445
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146
147
448
149
150
451
152

454
155
456
457
158
459
460
161
462
163
164
465
166
167
468

169

470

471

473

def

__init__(

self,

d_node: int = 256,

d_edge: int = 128,

n_layers: int = 8,
n_heads_ipa: int = 12,
n_query_points: int = 8,
n_value_points: int = 12,
n_heads_transformer: int = 4,
d_ffn: int = 1024,

max_len: int = 512,
distogram_bins: int = 32,
stop_grad_frames: bool = False,

super () . __init__Q)

self.d_node d_node

self.d_edge = d_edge

self .n_layers = n_layers

self .max_len = max_len

self .distogram_bins = distogram_bins
self .stop_grad_frames = stop_grad_frames

# --- Node feature initialization ---

# restdue_indexr sinusoidal (128) + timestep sinusotdal
-> d_node

self .node_proj = nn.Linear (256, d_node)

(128)

-> 2566

# --- Edge feature initialization ---

# rel_dist sinusoidal (64) + sign (1) + distogram projected (63) =
128

self .distogram_proj = nn.Linear(distogram_bins, 63)

self.edge_proj = nn.Linear (128, d_edge)

# --- Per-layer modules ---
self.ipa_layers = nn.ModulelList ()
self.ipa_norms = nn.ModuleList ()
self.ipa_transitions = nn.ModuleList ()
self.transformer_layers = nn.ModuleList ()

self.edge_update_layers = nn.ModulelList ()
self .backbone_update_layers = nn.ModuleList ()

for _ in range(n_layers):
self.ipa_layers.append (
IPA(

d_node=d_node,

d_edge=d_edge,
n_heads=n_heads_ipa,
n_query_points=n_query_points,
n_value_points=n_value_points,

)
self.ipa_norms.append(nn.LayerNorm(d_node))
self.ipa_transitions.append(nn.Sequential (
nn.Linear (d_node, d_node),
nn.RelLU(),
nn.Linear (d_node, d_node),
))
self .transformer_layers.append(
TransformerBlock (
d_in=2 * d_node,
d_node=d_node,
n_heads=n_heads_transformer,
d_ffn=d_ffn,
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def

)
self.edge_update_layers.append (EdgeUpdate (d_node, d_edge))
self .backbone_update_layers.append (BackboneUpdate (d_node))

# --- Output heads ---

self.torsion_head = TorsionHead(d_node)

# --- Print parameter count ---

total_params = sum(p.numel() for p in self.parameters())

print (f"[FrameDiffModel] {total_params:,} parameters ({total_params
/1e6: . 1£3M)")

_init_node_features/(

self,

residue_indices: torch.Tensor, # (B, N) long

t: torch.Tensor, # (B,) or scalar

) -> torch.Tensor:

def

"""Build initial node features from residue index and timestep.

Returns: (B, N, d_node)

nnn

B, N = residue_indices.shape

# Sinusoidal encoding of residue index (dim=128)
res_enc = sinusoidal_encoding(residue_indices.float (), 128) # (B, N
, 128)

# Sinusoidal encoding of timestep (dim=128), broadcast to all
residues

if t.dim() == 0:
t = t.unsqueeze (0) .expand(B)

t_enc sinusoidal_encoding(t, 128) # (B, 128)

t_enc = t_enc.unsqueeze (1) .expand(B, N, 128) # (B, N, 128)

# Concatenate and project

h = torch.cat([res_enc, t_enc], dim=-1) # (B, N, 256)
h self .node_proj (h) # (B, N, d_node)

return h

_init_edge_features(

self,

residue_indices: torch.Tensor, # (B, N) long
self_cond_distogram: torch.Tensor, # (B, N, N, distogram_bins)

) -> torch.Tensor:

"""Build initial edge features.

Returns: (B, N, N, d_edge)

nnn

B, N = residue_indices.shape

device = residue_indices.device

# Relative sequence distance [i - j/, clamped
idx_i = residue_indices.unsqueeze (2) # (B, N, 1)
idx_j = residue_indices.unsqueeze (1) # (B, 1, N)
rel_dist = (idx_i - idx_j).float() # (B, N, N)

abs_dist = rel_dist.abs().clamp(max=32)
dist_enc = sinusoidal_encoding(abs_dist, 64) # (B, N, N, 64)

# Sign feature
sign = (rel_dist > 0).float () .unsqueeze(-1) # (B, N, N, 1)
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597
598
599
600
601

602
603
604
605
606
607
608
609
610
611

612
613
614
615
616
617
618

def

# Self-conditioning distogram projection
dg_proj = self.distogram_proj(self_cond_distogram) # (B, N, N, 63)

# Concatenate: 64 + 1 + 63 = 128

z = torch.cat([dist_enc, sign, dg_projl, dim=-1) # (B, N, N, 128)
z = self.edge_proj(z) # (B, N, N, d_edge)

return z

forward (
self,
rotations: torch.Tensor, # (B, N, 3, 3)
translations: torch.Tensor, # (B, N, 3)
t: torch.Tensor, # (B,) timestep in [0,
1]
self_cond_distogram: torch.Tensor = Nomne, # (B, N, N, 32) or None
"""Forward pass.
Args:
rotations: noised rotation matrices.
translations: noised translation vectors.
t: diffusion timestep.
self_cond_distogram: binned pairwise distances from previous
prediction, or None (zeros will be used).
Returns:

R_pred: (B, N, 3, 3) predicted clean rotations.
x_pred: (B, N, 3) predicted clean translations.
psi: (B, N) predicted psi torsion angles.

nmnmn

B, N = rotations.shape[:2]

device = rotations.device

# Default self-conditioning distogram to zeros
if self_cond_distogram is None:
self_cond_distogram = torch.zeros(
B, N, N, self.distogram_bins, device=device

# Residue indices: 1..N

residue_indices = (
torch.arange(1, N + 1, device=device)
.unsqueeze (0)
.expand (B, N)

~

# Initialize features
h_O0 = self._init_node_features(residue_indices, t) # (B, N, d_mnode)
z self._init_edge_features(residue_indices, self_cond_distogram)

h h_0
R, x = rotations, translations

# Refinement layers with gradient checkpointing
for i in range(self.n_layers):
h, z, R, x = checkpoint(
self._layer_forward,
h, h 0, z, R, x, i,
use_reentrant=False,

# Predict torsion angles
psi = self.torsion_head (h)
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629
630 return R, x, psi
631

632 def _layer_forward(

633 self,

634 h: torch.Tensor,

635 h_0: torch.Tensor,

636 z: torch.Tensor,

637 R: torch.Tensor,

638 x: torch.Tensor,

639 layer_idx: int,

640 )

641 """Single refinement layer (extracted for gradient checkpointing).""
"

642 # Optionally detach frames (vl behavior) or let gradients flow (v2
default)

643 if self.stop_grad_frames:

644 R_ipa, x_ipa = R.detach(), x.detach()

645 else:

646 R_ipa, x_ipa = R, x

647

648 # IPA with residual

649 h = h + self.ipa_layers[layer_idx](h, z, R_ipa, x_ipa)

650 h = self.ipa_norms[layer_idx](h)

652 # IPA transition MLP (AF2-style) with residual
653 h = h + self.ipa_transitions[layer_idx](h)

655 # Transformer with skip connection to initial features
656 h_cat = torch.cat([h, h_0], dim=-1) # (B, N, 2*d_node)

657 h = self.transformer_layers[layer_idx] (h_cat)

659 # Edge update
660 z = self.edge_update_layers[layer_idx](h, z)

662 # Backbone update -- optionally detach frames

663 if self.stop_grad_frames:

664 R, x = self.backbone_update_layers[layer_idx](h, R.detach(), x.
detach())

665 else:

666 R, x = self.backbone_update_layers[layer_idx](h, R, x)
667

668 return h, z, R, x

Listing 1: Model Architecture (model v2.py)
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A.2 Loss Functions (losses_v2.py)

N

10
11
12
13
14
15
16
17
18

19
20

FrameDiff loss functions v2: IGS03 score-matching rotation loss.

Replaces the Frobenius geodesic rotation loss with proper IGS03 score

The

matching.
key change is in ‘rotation_loss_v2‘, which uses the IGS03Cache to
compute

tangent -space scores and weights the loss by the score normalization factor.

A1l
are

A1l

nnn

other losses (translation, backbone atom, pairwise distance, distogram)
carried over unchanged from losses.py.

coordinates are in nanometers.

import torch
import torch.nn.functional as F
import math

# Ideal backbone geometry (manometers, in the local residue frame)

#

N_IDEAL = torch.tensor ([-0.05272, 0.13593, 0.000])

CA_IDEAL = torch.tensor ([ 0.00000, 0.00000, 0.0001])

C_IDEAL = torch.tensor ([ 0.15233, 0.00000, 0.000])

0_IDEAL = torch.tensor ([ 0.23154, 0.10782, 0.000]) # before psi rotation
#

def

_rotation_about_axis(axis: torch.Tensor, angle: torch.Tensor) -> torch.
Tensor:
"""Rodrigues rotation matrix for rotation of *anglex (rad) about *axisx*.

Parameters

axis : (..., 3) unit vector

angle : (...) rotation angle in radians

Returns

R ( , 3, 3)

nmnn

axis = F.normalize(axis, dim=-1)

cos_a = torch.cos(angle)[..., Nome, Nonel

sin_a = torch.sin(angle)[..., None, Nonel

K = torch.zeros(*axis.shape[:-1], 3, 3, device=axis.device, dtype=axis.
dtype)

K[..., 0, 1] = -axis[..., 2]

K[..., 0, 2] = axis[..., 1]
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19 K[..., 1, 0] = axis[..., 2]

50 K[..., 1, 2] = -axis[..., 0]

51 K[..., 2, 0] = -axis[..., 1]

52 K[..., 2, 1] = axis[..., 0]

53 eye = torch.eye(3, device=axis.device, dtype=axis.dtype).expand_as (K)

54 return cos_a * eye + sin_a * K + (1.0 - cos_a) * (axis[..., :, Nomnel] x
axis[..., Nomne, :]1)

57 def frames_to_atoms (

58 rotations: torch.Tensor,

59 translations: torch.Tensor,

60 psi_angles: torch.Tensor,

61 ) -> torch.Tensor:

62 """Convert SE(3) frames + psi torsion angles to backbone atom
coordinates.

64 Parameters

65 00 ommmmm—————

66 rotations : (B, N, 3, 3) rotation matrices

67 translations : (B, N, 3) Calpha positions (nm)

68 psi_angles : (B, N) psi torsion angles (rad)

69

70 Returns

71 —mmmm—

72 atoms : (B, N, 4, 3) backbone atoms [N, CA, C, 0] in nm

nnn

74 B, N = rotations.shape[:2]
75 dev, dt = rotations.device, rotations.dtype

77 n_ideal N_IDEAL.to(dev, dt)

78 ca_ideal = CA_IDEAL.to(dev, dt)

79 c_ideal = C_IDEAL.to(dev, dt)

80 o_ideal = O0_IDEAL.to(dev, dt)

81

82 ca_c_axis = F.normalize(c_ideal, dim=-1).expand(B, N, 3)

83 psi_rot = _rotation_about_axis(ca_c_axis, psi_angles)

84 o_local = torch.einsum("bnij, j -> bni", psi_rot, o_ideal)

85

86 n_global = torch.einsum("bnij, j -> bni", rotations, n_ideal) +
translations

87 ca_global = translations

88 c_global = torch.einsum("bnij, j -> bni", rotations, c_ideal) +
translations

89 o_global = torch.einsum("bnij, bnj -> bni", rotations, o_local) +

translations
90
91 atoms = torch.stack([n_global, ca_global, c_global, o_globall, dim=2)
92 return atoms

96 # Translation (Calpha) denoising score-matching loss
97 #

98

99 def translation_loss(

100 x0_pred: torch.Tensor,
101 x0_true: torch.Tensor,
102 mask: torch.Tensor,
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103 ) -> torch.Tensor:

104 """MSE between predicted and true clean Calpha coordinates (nm).
105

106 Parameters

107 mmmm—mm——o

108 x0_pred : (B, N, 3)

109 x0_true : (B, N, 3)

110 mask : (B, N) 1 for valid residues, 0 for padding
111

112 Returns

113 -—--=--

114 scalar loss

115 e

116 sq = ((xO_pred - xO_true) ** 2).sum(-1)

117 sq = sq * mask

118 return sq.sum() / mask.sum().clamp(min=1)

119

120

121 #

122 # Gradient-safe S0(3) log map (Pade approzimation)

123 #

124

125 def _log_map_SOB(R: torch.Tensor) -> torch.Tensor:

126 """Logarithmic map S0(3) -> so(3). Returns the rotation vector (B,N,3).

127

128 Gradient -safe: avoids acos singularity by using the skew-symmetric part

129 directly, which is well-conditioned everywhere except theta=pi.

130 e

131 skew = 0.5 * (R - R.transpose(-2, -1))

132 v = torch.stack([skew[..., 2, 1], skew[..., 0, 2], skew[..., 1, 0]], dim
=-1)

133 v_norm_sq = (v * v).sum(-1).clamp(max=1.0 - 1le-6)

134 # Pade-like approxzimation for theta/sin(theta):

135 # 1 + z/6 + 72°2/360 where z = sin~2(theta) = [[v]/]"2

136 factor = 1.0 + v_norm_sq / 6.0 + 7.0 * v_norm_sq * v_norm_sq / 360.0

137 return v * factor.unsqueeze (-1)

138

139

140 #

141 # IGS03 score-matching rotation loss (Fiz 2)

# Noise schedule constants matching the forward process in sod_diffusion.py.
# The IGS03 denstity uses t as the direct wartiance parameter in
146 # exp(-1(l+1)*t/2). The diffustion schedule maps a normalized time
# t_morm in [0, 1] to sigma, then the cache parameter is sigma 2.
145 _SIGMA_MIN
149 _SIGMA_MAX

0.1
1.5

152 def rotation_loss_v2(

153 r_pred: torch.Tensor,
154 r_true: torch.Tensor,
155 r_noisy: torch.Tensor,
156 t: torch.Tensor,
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)

mask: torch.Tensor,
igso3_cache,
-> torch.Tensor:
"""TIGS03 score-matching loss on S0(3).

Computes the score in the tangent space at r_noisy for both the
ground -truth and predicted clean rotations, then minimizes their

squared difference weighted by the IGS03 score normalization.

The score at r_noisy given r_clean is:

score = (d log f / d omega) * (omega / sin omega) * axis
where r_rel = r_noisy~T @ r_clean, omega = angle(r_rel), axis = axis(
r_rel).

The cache lookups (score_lookup, score_norm_lookup) go through numpy and
are NOT differentiable. Gradients flow through r_pred via the geometric
quantities (axis, omega) extracted from r_noisy~T @ r_pred.

Parameters

r_pred : (B, N, 3, 3) predicted clean rotations
r_true : (B, N, 3, 3) ground-truth clean rotations
r_noisy : (B, N, 3, 3) noisy rotations at time *tx

t . (B,) diffusion timestep in [0, 1]
mask : (B, N)

igso3_cache : IGS03Cache object (required)

Returns

scalar 1loss
nnn

B, N = r_pred.shapel[:2]
dev, dt = r_pred.device, r_pred.dtype

# Map normalized time to sigma, then to the IGS03 cache parameter (sigma

~2).
# sigma(t) = sigma_min + t * (sigma_maz - sigma_min)
# cache parameter = sigma~2 (matches ezp(-1(l+1)+*t_cache/2) in the
density)
sigma = _SIGMA_MIN + t * (_SIGMA_MAX - _SIGMA_MIN) # (B,)
t_cache = sigma ** 2 # (B,)

with torch.no_grad():
score_true = _tangent_score(r_true, r_noisy, t_cache, B, N,
igso3_cache, dev, dt)

B o o e
# Predicted score (differentiable through r_pred)
B o o o e e o e e e e e e e e e e e e e e e
score_pred = _tangent_score_differentiable(

r_pred, r_mnoisy, t_cache, B, N, igso3_cache, dev, dt,
)
2
# Score matching loss: [[/score_pred - score_truel/[~2
B o o o
diff = (score_pred - score_true) ** 2 # (B, N, 3)
diff_per_res = diff.sum(-1) # (B, N)

# IGS03 score mormalization: lambda_r(t) = 1 / E[||scorel]"2]
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# This down-weights noisy timesteps where the score %s large.
lambda_r = igso3_cache.score_norm_lookup(t_cache.detach()).to(dt) # (B
,)

weighted = lambda_r[:, None] * diff_per_res * mask # (B, N)
loss = weighted.sum() / mask.sum().clamp(min=1)
# Nal safety: fall back to Pade geodestic loss if anything blew up
if not torch.isfinite(loss):
delta = torch.matmul(r_pred.transpose(-2, -1), r_true)
log_delta = _log_map_so3(delta)
sq = (log_delta ** 2).sum(-1) * mask

loss = sq.sum() / mask.sum().clamp(min=1)

return loss

# Internal: tangent-space score computation

def

; def

_extract_axis_and_omega(r_rel: torch.Tensor):
"""Extract rotation axis and clamped angle from a relative rotation.

Parameters

r_rel : (..., 3, 3)

Returns

axis : (..., 3) unit axis vector

omega : (...,) rotation angle in [le-7, pi - 1le-7]

trace = r_rell[..., 0, 0] + r_rell[..., 1, 1] + r_rell..., 2, 2]

cos_omega = ((trace - 1.0) / 2.0).clamp(-1.0 + 1le-7, 1.0 - 1le-7)
omega = torch.acos(cos_omega)
omega = omega.clamp(min=le-7, max=math.pi - 1le-7)

# Adxzis from skew-symmetric part

rx = r_rell..., 2, 1] - r_rell..., 1, 2]
ry = r_rell[..., 0, 2] - r_rell[..., 2, 0]
rz = r_rell[..., 1, 0] - r_rell..., 0, 1]

axis = torch.stack([rx, ry, rz], dim=-1)
axis_norm = torch.sqrt((axis ** 2).sum(-1, keepdim=True) + 1le-8)
axis = axis / axis_norm

return axis, omega

_omega_over_sin_omega(omega: torch.Tensor) -> torch.Tensor:
"""Compute omega / sin(omega), with Taylor expansion for small omega.

For |omegal|l < le-4: omega/sin(omega) ~ 1 + omega~2/6 +
sin_omega = torch.sin(omega).clamp(min=1e-7)
return torch.where (

omega < le-4,

28



312

1.0 + omega **x 2 / 6.0,
omega / sin_omega,

def _tangent_score(

r_clean: torch.Tensor,
r_noisy: torch.Tensor,
t_cache: torch.Tensor,
B: int,

N: int,

igso3_cache,

dev: torch.device,

dt: torch.dtype,

) -> torch.Tensor:

def

"""Compute IGS03 tangent-space score (fully detached, no gradients).
score = score_magnitude * (omega / sin omega) * axis
where score_magnitude = d log f / d omega from the cache.

Returns (B, N, 3).

nnn

r_rel = r_noisy.transpose(-2, -1) @ r_clean # (B, N, 3, 3)
axis, omega = _extract_axis_and_omega(r_rel) # (B, N, 3), (
B, N)

# Cache lookup: flatten, query, reshape

t_expanded = t_cachel[:, Nonel].expand(B, N).reshape(-1) # (Bx*N,)
omega_flat = omega.reshape(-1) # (B*N,)
score_mag = igso3_cache.score_lookup(omega_flat, t_expanded) # (BxN,)
score_mag = score_mag.reshape(B, N).to(dt) # (B, N)

# omega / sin(omega) scaling
oos = _omega_over_sin_omega (omega) # (B, N)

# Score wector in tangent space at tdentity (transported to r_notisy)
score_vec = axis * (score_mag * oos).unsqueeze (-1) # (B, N, 3)
return score_vec

_tangent_score_differentiable (
r_pred: torch.Tensor,

r_noisy: torch.Tensor,
t_cache: torch.Tensor,

B: int,

N: int,

igso3_cache,

dev: torch.device,

dt: torch.dtype,

) -> torch.Tensor:

"""Compute IGSO03 tangent-space score with gradients flowing through
r_pred.

The cache lookup (score_magnitude) is detached -- it is not
differentiable.

Gradients flow through the geometric quantities: the axis and angle

extracted from r_noisy~"T @ r_pred, and the omega/sin(omega) scaling.

Instead of using acos (gradient-unsafe at omega=0 and omega=pi), we use

the Pade log map for the differentiable part and only use acos (clamped)
for the detached cache lookup.
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334
335 Returns (B, N, 3).

336 nnn

337 r_rel = r_noisy.transpose(-2, -1) @ r_pred # (B, N, 3, 3)

338

339 # ---- Differentiable path: Pade log map for azxzis * omega ----

340 # This gives us the rotation vector without going through acos.

341 log_vec = _log_map_so3(r_rel) # (B, N, 3)

342

343 # ---- Detached path: exztract omega for cache lookup ----

344 with torch.no_grad():

345 _, omega_detached = _extract_axis_and_omega(r_rel.detach())

346 t_expanded = t_cachel[:, Nonel].expand(B, N).reshape(-1)

347 omega_flat = omega_detached.reshape(-1)

348

349 score_mag = igso3_cache.score_lookup(omega_flat, t_expanded)

350 score_mag = score_mag.reshape(B, N).to(dt) # (B, N)

351

352 # We need: score = score_mag * (omega / sin omega) * azis

353 # The Pade log map gives: log_vec = axzis * omega * factor_pade

354 # where factor_pade ~ theta/sin(theta) ~ omega/sin(omega)

355 # So log_vec already contains azts * (omega / sinm omega)
approzimately!

356 #

357 # More prectisely: _log_map_sold returns v * (1 + [[v]["2/6 + ...)

358 # where v = sin(omega) * azis. So:

359 # log_vec ~ sin(omega) * azis * (omega / sin omega)

360 # = omega * axis

361 # Adctually the Pade gtives azis * omega (the rotation wvector), mnot

362 # azis * omega/sin(omega).

363 #

364 # We need to scale by score_mag * (omega/sin(omega)) / omega

365 # = score_mag / sin(omega)

366 # But sin(omega) computation from omega_detached is fine since it’s

367 # detached anyway.

368

369 # Compute the scaling factor:

370 # We want: score = score_mag * (omega / sin omega) * axis

371 # log_vec gives: omega * azis (approxzimately, via Pade)

372 # So: score = (score_mag / sin(omega)) * log_vec ... NO, that’s
wrong .

373 # log_vec = omega * axTis, SO:

374 # score = score_mag * (omega / sin omega) * azis

375 # = score_mag * (1 / sin omega) * (omega #* axis)

376 # = (score_mag / sin omega) * log_wec

377 #

378 # But omega / sin(omega) is already baked into the Pade? No.

379 # The Pade gives: sin(omega) * azis * (omega / sin(omega)) = omega *

azTis.

380 # So log_vec = omega * axzis. Perfect.

381 #

382 # Scale factor: score_mag * (omega / sin omega) / omega

383 # = score_mag / sin(omega)

384

385 sin_omega = torch.sin(omega_detached).clamp(min=1e-7)

386 # For wery small omega, log_vec ~ 0 and score ~ 0, so the scale

387 # doesn’t matter much. Use safe division.

388 omega_safe = omega_detached.clamp(min=1e-7)

389 scale = score_mag * _omega_over_sin_omega (omega_detached) /
omega_safe

390 # (B, V)

391
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392 # Handle omega ~ 0: when omega < le-4, log_.vec ~ v ~ sin(omega)*azis
omega*azris

393 # and score ~ score_mag * 1 % axris = score_mag * aTLS

394 # scale = score_mag * 1 / omega, and log_vec = omega * axTis

395 # => scale * log_wec = score_mag * azxTis. Correct.

396

397 # Apply detached scale to differentiable log_vec

398 score_vec = scale.unsqueeze(-1) * log_vec # (B, N, 3)

399

400 # Nal safety: replace any Nal elements with zero

401 score_vec = torch.where(torch.isfinite(score_vec), score_vec, torch.
zeros_like(score_vec))

402

403 return score_vec

404

405

406 #

407 # Legacy rotation loss (Frobemius geodesic, for fallback / comparison)
408 #

409

110 def rotation_loss(

411 r_pred: torch.Tensor,

412 r_true: torch.Tensor,

413 r_noisy: torch.Tensor,

414 t: torch.Tensor,

415 mask: torch.Tensor,

416 igso3_cache=None,

417 ) -> torch.Tensor:

418 """Frobenius geodesic rotation loss (no IGS03 weighting).
419

420 Kept for backward compatibility and as a fallback.

421 |1log(R_pred"T @ R_true)||~2 averaged over valid residues.
422 e

423 delta = torch.matmul (r_pred.transpose(-2, -1), r_true)
424 log_delta = _log_map_so3(delta)

425 sq = (log_delta ** 2).sum(-1) * mask

426 return sq.sum() / mask.sum().clamp(min=1)

427

428

129 #

430 # Auziliary backbone-atom reconstruction loss (applied when t < 0.25)
431 #

432
133 def backbone_atom_loss(

434 r_pred: torch.Tensor,

435 x_pred: torch.Tensor,

436 psi_pred: torch.Tensor,

437 r_true: torch.Tensor,

438 x_true: torch.Tensor,

439 psi_true: torch.Tensor,

440 mask: torch.Tensor,

441 ) =-> torch.Tensor:

442 """MSE on reconstructed backbone atoms (N, CA, C, 0).
443
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444 Only meaningful when t < T_F/4 = 0.25 (caller is responsible for gating

).
445 e
146 atoms_pred = frames_to_atoms (r_pred, x_pred, psi_pred)
147 atoms_true = frames_to_atoms(r_true, x_true, psi_true)
448 sq = ((atoms_pred - atoms_true) ** 2).sum(-1)
149 sq = sq.mean(-1) * mask
450 return sq.sum() / mask.sum().clamp(min=1)
451
152
153 #

454 # Auziliary patirwise Calpha distance loss (applied when t < 0.25)
455 #

157 def pairwise_distance_loss(

458 x_pred: torch.Tensor,

459 Xx_true: torch.Tensor,

160 mask: torch.Tensor,

461 cutoff: float = 0.6,

462 ) -> torch.Tensor:

163 """MSE on pairwise Calpha distances for pairs within *cutoff* nm (6 A)."

nn

464 diff_pred = x_pred[:, :, None, :] - x_pred[:, Nome, :, :]

165 d_pred = torch.sqrt((diff_pred *x* 2).sum(-1) + 1le-8)

466

467 diff_true = x_truel:, :, None, :] - x_truel:, Nomne, :, :]

168 d_true = torch.sqrt((diff_true *x* 2).sum(-1) + 1le-8)

469

470 pair_mask = mask[:, :, None] * mask[:, Nomne, :]

171 within_cutoff = (d_true < cutoff).float ()

472 diag_mask = 1.0 - torch.eye(mask.shape[1], device=mask.device, dtype=
mask.dtype) .unsqueeze (0)

173 pair_mask = pair_mask * within_cutoff * diag_mask

474

475 sq = (d_pred - d_true) *x 2

476 sq = sq * pair_mask

477 return sq.sum() / pair_mask.sum().clamp(min=1)

184 def compute_distogram(

485 x: torch.Tensor,

486 num_bins: int = 32,
487 d_min: float = 0.2,
488 d_max: float = 2.0,

489 ) -> torch.Tensor:
490 """One-hot pairwise distance histogram from Calpha positions.

491
492 Parameters

e

494 bd : (B, N, 3) Calpha positions in nm
495 num_bins int
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196 d_min, d_max : float range in nm (2-20 A)
197

498 Returns

199 = 0—m-=-==---

500 distogram : (B, N, N, num_bins)

501 e

502 diff = x[:, :, Nome, :] - x[:, Nomne, :, :]

503 dist = torch.sqrt((diff =** 2).sum(-1) + 1e-8)

504

505 bin_edges = torch.linspace(d_min, d_max, num_bins + 1, device=x.device,

dtype=x.dtype)
506 bin_idx = torch.bucketize(dist, bin_edges[1:-1])
507 distogram = F.one_hot(bin_idx.long(), num_classes=num_bins).float ()
508 return distogram

Listing 2: Loss Functions (losses v2.py)
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A.3 Training Script (train_v2.py)

o

2 FrameDiff v2 training script: unconditional protein backbone diffusion.

4 Usage:
5 python train_v2.py [--resume PATH]

7 Changes from train.py (vl):

8 - IGS03 rotation noise (replaces axis-angle placeholder)
9 - rotation_loss_v2 (proper IGS03 score-matching)

10 - IGS03Cache is REQUIRED (mo fallback)

11 - Gradient monitoring for first epoch

12 - Default weight directory: weights_v2

14 Coordinates are in nanometers throughout.

17 import os, sys, csv, copy, math, time, signal, argparse
18 from pathlib import Path
19 from random import random

21 _LOG = Path("/global/scratch/users/sergiomarl10/latentlabs/framediff/slurm/
train_v2_debug.log")
22 def _log(msg):

23 line = f"[{time.strftime (’%H:%M:%S’)}] {msgl}"
24 print (line, flush=True)

25 with open(_LOG, "a") as f: f.write(line + "\n")
26

27 _log("Starting imports...")

28 _log(" stdlib done")

30 import torch

31 _log(f" torch {torch.__version__}, CUDA={torch.cuda.is_available()}")
32 import torch.nn as nn

33 import torch.nn.functional as F

34 from torch.nn.utils import clip_grad_norm_

35 from torch.utils.data import Dataloader

36 _log(" torch modules done")

38 # ---- project imports
30 SCRIPT_DIR = Path(__file__) .resolve().parent
10 sys.path.insert (0, str(SCRIPT_DIR))

42 _log(" dimporting data...")

13 from data import CATHFrameDataset, LengthBucketSampler
44 _log(" importing losses_v2...")

45 from losses_v2 import (

46 translation_loss,

47 rotation_loss_v2,

48 backbone_atom_loss,

49 pairwise_distance_loss,

50 compute_distogram,

51 )

52 _log(" importing model_v2...")

53 from model_v2 import FrameDiffModel
54 _log(" importing so3_diffusion...")
55 from so3_diffusion import IGS03Cache

56 _log(" all imports domne")
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59 # Paths

60 #

61 DATA_JSONL = "/global/scratch/users/sergiomarl0/latentlabs/CATH_ml_takehome
/chain_set.jsonl"

62 SPLITS_JSON = "/global/scratch/users/sergiomarl10/latentlabs/CATH_ml_takehome
/chain_set_splits. json"

63 WEIGHT_DIR = Path("/global/scratch/users/sergiomarl10/latentlabs/framediff/

weights_v2")
64 WEIGHT_DIR.mkdir (parents=True, exist_ok=True)

66 #

68 #

60 MAX_LEN = 256

70 BATCH_SIZE = 8

71 LR = le-4

72 WARMUP_STEPS = 1000 # linear LR warmup

73 LR_MIN = le-6 # cosine decay floor

74 MAX_EPOCHS = 200

75 GRAD_CLIP = 1.0

76 EMA_DECAY = 0.999

77 AUX_WEIGHT 0.25

7s AUX_THRESHOLD = 0.25 # apply auziliary losses when t < this

79 T_MIN = 0.01 # minimum diffusion time

s0 T_MAX = 1.00

s1 SELF_COND_PROB = 0.5

s2 PATIENCE = 999 # effectively disabled -- cosine LR handles
convergence

s3 NUM_WORKERS = 4

s4 DISTOGRAM_BINS = 32

85

86 # IGS03 moise schedule: sigma(t) = sigma_min + t * (sigma_maz - sigma_min)

s7 SIGMA_MIN = 0.1

ss SIGMA_MAX = 1.5

8¢

90

91 #

92 # Preemption handling (SLURM SIGUSRI1)
93 #

94 _PREEMPTED = False
95

96 def _handle_sigusrl(signum, frame):

97 global _PREEMPTED

98 print ("[train_v2] Received SIGUSR1 -- will checkpoint and exit after this
step.")

99 _PREEMPTED = True

100
101 signal.signal(signal.SIGUSR1, _handle_sigusrl)
102
103
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104 #

105 # EMA helper
106 #

107
108 class EMA:

109 """Exponential moving average of model parameters."""
110

111 def __init__(self, model: nn.Module, decay: float = 0.999):
112 self .decay = decay
113 self.shadow = {n: p.data.clone() for n, p in model.named_parameters

() if p.requires_grad}

115 @torch.no_grad ()

116 def update(self, model: nn.Module):

117 for n, p in model.named_parameters():

118 if not p.requires_grad:

119 continue

120 self.shadow[n].mul_(self.decay).add_(p.data, alpha=1.0 - self.
decay)

121

122 def apply(self, model: nn.Module):

123 """Copy EMA weights into model (for evaluation / saving)."""

124 for n, p in model.named_parameters():

125 if n in self.shadow:

126 p.data.copy_(self.shadow([n])

127

128 def state_dict(self):

129 return {k: v.clone() for k, v in self.shadow.items ()}

130

131 def load_state_dict(self, sd):

132 for k, v in sd.items():

133 self.shadow[k] = v.clone()

135

136 #

137 # Noising utilities
138 #

140 def center(x: torch.Tensor, mask: torch.Tensor) -> torch.Tensor:
141 """Subtract center of mass (only over valid residues) from positions.

142
143 b'e : (B, N, 3)

144 mask : (B, N)

145 e

146 mask_sum = mask.sum(-1, keepdim=True).clamp(min=1) # (B, 1)
147 com = (x * mask[..., Nomne]).sum(1l) / mask_sum # (B, 3)
148 return x - com[:, None, :]

149

151 def noise_translations(x0: torch.Tensor, t: torch.Tensor,
152 mask: torch.Tensor) -> torch.Tensor:
153 """Add Gaussian noise to Calpha translations using 0U-style schedule.

155 x0 : (B, N, 3)
156 t : (B,)

36



157 Returns x_t : (B, N, 3) (centered)

nnn

158
159 alpha_t = torch.exp(-t / 2.0) # (B,)

160 sigma_t = torch.sqrt (1.0 - alpha_t **x 2) # (B,)

161 eps = torch.randn_like (x0)

162 x_t = alpha_t[:, None, None] * x0 + sigma_t[:, Nomne, Nonel] * eps
163 Xx_t = center(x_t, mask)

164 return x_t

165

166

167 #

[
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def rotation_angle_error(r_pred: torch.Tensor, r_true: torch.Tensor,
mask: torch.Tensor) -> float:

N

"""Average rotation angle error in degrees.

r_pred, r_true : (B, N, 3, 3)
mask : (B, N)

nnn

177
178 delta = torch.matmul (r_pred.transpose(-2, -1), r_true)

179 trace = deltal..., 0, 0] + deltal..., 1, 1] + deltal..., 2, 2]

180 cos_theta = ((trace - 1.0) / 2.0).clamp(-1.0, 1.0)

181 theta = torch.acos(cos_theta) # radians

182 theta_deg = theta * 180.0 / math.pi

183 return (theta_deg * mask).sum().item() / mask.sum().clamp(min=1).item()
184

186 def ca_rmsd(x_pred: torch.Tensor, x_true: torch.Tensor,

187 mask: torch.Tensor) -> float:

188 """Average Calpha RMSD in Angstroms (input in nm, output in A).
189

190 x_pred, x_true : (B, N, 3)

191 mask : (B, N)

nnn

193 sq = ((x_pred - x_true) ** 2).sum(-1) # (B, N) mnm-~2

194 per_sample = (sq * mask).sum(-1) / mask.sum(-1).clamp(min=1) # (B,) nam
"2

195 rmsd_nm = torch.sqrt(per_sample) .mean().item()

196 return rmsd_nm * 10.0 # convert to Angstroms

197

198

199 #

200 # Training helpers
201 #

203 def _unwrap (model):
204 """Unwrap DataParallel if needed."""
205 return model .module if hasattr (model, ’module’) else model

207 def save_checkpoint (model, ema, optimizer, epoch, val_loss, path):
208 torch.save ({

209 "epoch": epoch,

210 "model_state_dict": _unwrap(model).state_dict(),
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def

def

"ema_state_dict": ema.state_dict (),

"optimizer_state_dict": optimizer.state_dict (),
"val_loss": val_loss,
}, path)

print (f" [checkpoint] saved to {path}")

load_checkpoint (path, model, ema, optimizer, device):

ckpt = torch.load(path, map_location=device, weights_only=False)
_unwrap (model) .load_state_dict (ckpt ["model_state_dict"])
ema.load_state_dict (ckpt["ema_state_dict"])
optimizer.load_state_dict (ckpt["optimizer_state_dict"])

return ckpt["epoch"], ckpt.get("val_loss", float("inf"))

train(args):
global WEIGHT_DIR
if args.weight_dir:
WEIGHT_DIR = Path(args.weight_dir)
WEIGHT_DIR.mkdir (parents=True, exist_ok=True)
device = torch.device("cuda" if torch.cuda.is_available() else "cpu")
print (£" [train_v2] device = {devicel")
print(f"[train_v2] weight_dir = {WEIGHT_DIR}")

#o---- DAt - - - - - - s o s o e e e e e e e oo oo oo

train_ds = CATHFrameDataset (DATA_JSONL, SPLITS_JSON, split="train",
max_len=MAX_LEN, augment=True)

CATHFrameDataset (DATA_JSONL, SPLITS_JSON, split="validation",
max_len=MAX_LEN, augment=False)

val_ds

train_sampler = LengthBucketSampler (train_ds, batch_size=BATCH_SIZE,
shuffle=True, drop_last=True)

train_loader = Dataloader (train_ds, batch_sampler=train_sampler,
num_workers=NUM_WORKERS, pin_memory=True)
val_loader = DatalLoader (val_ds, batch_size=BATCH_SIZE, shuffle=False,

num_workers=NUM_WORKERS , pin_memory=True)

#o---- Model - -- - oo oo oo e e e e e e e oo oo -
model _kwargs = dict (max_len=MAX_LEN, distogram_bins=DISTOGRAM_BINS)
if args.n_layers is not None:

model _kwargs["n_layers"] = args.n_layers
if args.stop_grad:
model_kwargs ["stop_grad_frames"] = True

model = FrameDiffModel (¥*model_kwargs)

print (£"[train_v2] Using FrameDiffModel from model_v2.py (n_layers={
model .n_layers}, stop_grad={getattr(model, ’stop_grad_frames’, False)
P

model = model.to(device)

# Multsi-GPU with DataParallel
n_gpus = torch.cuda.device_count ()
if n_gpus > 1:
model = nn.DataParallel (model)
print (f"[train_v2] DataParallel on {n_gpusl} GPUs")
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else:
print(f"[train_v2] Single GPU")

if hasattr(torch, "compile"):
try:
# model = torch.compile(model) # disabled for debugging
print ("[train_v2] torch.compile DISABLED for debugging")
except Exception:
pass

optimizer = torch.optim.Adam(model.parameters(), lr=LR)
ema = EMA(_unwrap(model), decay=EMA_DECAY)

# ---- IGS03 cache (REQUIRED) - - ool
_log(" ©Dbuilding IGS03 cache...")

igso3_cache = IGS03Cache ()

_log(" IGS03 cache ready")

B - - ReSUME - - - - - - - s oo e e e e e e e e e e e e e e e e e e oo
start_epoch = 0
best_val_loss = float("inf")
if args.resume and os.path.isfile(args.resume):
start_epoch, best_val_loss = load_checkpoint(
args.resume, model, ema, optimizer, device)
start_epoch += 1
print (f"[train_v2] Resumed from epoch {start_epochl}, best_val_loss={
best_val_loss:.6f}")

# o---- CSV logger -------omm o o oo oo oo
csv_path = WEIGHT_DIR / "train_losses.csv"
csv_existed = csv_path.exists() and start_epoch > 0
csv_file = open(csv_path, "a" if csv_existed else "w", newline="")
csv_writer = csv.writer(csv_file)
if not csv_existed:

csv_writer.writerow ([

"epoch", "L_x", "L_r", "L_bb", "L_2d", "total_loss",
"rot_angle_err_deg", "ca_rmsd_A",
"val_L_x", "val_L_r", "val_total",
D
csv_file.flush()
# o---- Tratning looOpP -------c oo oo m oo oo o oo o oo e e oo oo o- -
patience_counter = 0
self_cond_prev = None

global_step = 0

for epoch in range(start_epoch, MAX_EPOCHS):
model.train ()
epoch_metrics = {
"L_x": 0.0, "L_r": 0.0, "L_bb": 0.0, "L_2d": 0.0,
"total": 0.0, "rot_err": 0.0, "rmsd": 0.0, "n_batches": O,
}

t_start = time.time ()

step_in_epoch = 0
for batch in train_loader:
step_in_epoch += 1

r0 = batch["rotations"].to(device) # (B, N, 3, 3)
x0 = batch["translations"].to(device) # (B, N, 3)
psi = batch["psi_angles"].to(device) # (B, N)

mask = batch["mask"].to(device) # (B, N)

B, N = x0.shapel[:2]
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330
331

333
334

336
337
338
339

340
341
342
343
344

# Sample timestep
t = torch.rand(B, device=device) * (T_MAX - T_MIN) + T_MIN

# Noise tramslations
X_t = noise_translations(x0, t, mask)

# Noise rotations using IGSO3

# sigma(t) = sigma_min + t * (sigma_maz - sigma_min)

sigma = SIGMA_MIN + t * (SIGMA_MAX - SIGMA_MIN) # (B,)

t_igso3 = sigma ** 2 # parameter for IGS03 density: exp(-1(1+1)
*t/2)

# Sample rotation mnoise per-restdue
r_noise = torch.zeros(B, N, 3, 3, device=device, dtype=x0.dtype)
for b in range(B):
r_noise_b = igso3_cache.sample(t_igso3[b].item(), N, device=
device, dtype=x0.dtype)
r_noise[b] = r_noise_b # (N, 3, 3)
r_t = torch.matmul(rO, r_noise) # compose clean @ notse

# Self-conditioning: 50/ of steps use previous prediction
if random() < SELF_COND_PROB and self_cond_prev is not None:
# Pad/truncate to match current batch dims
sc = self_cond_prev
if sc.shape[0] != B or sc.shape[1] != N:
distogram = torch.zeros(B, N, N, DISTOGRAM_BINS,
device=device)

else:
distogram = compute_distogram(sc)
else:
distogram = torch.zeros(B, N, N, DISTOGRAM_BINS, device=
device)

# Forward pass
optimizer.zero_grad(set_to_none=True)
r_pred, x_pred, psi_pred = model(r_t, x_t, t, distogram)

# Debug: check for Nal in outputs on first batch of first epoch
if epoch == start_epoch and step_in_epoch < 3:
_log(f" DEBUG step {step_in_epoch}: x_pred [{x_pred.min().
item():.4f}, {x_pred.max().item():.4£f}] "
f"r_det {torch.det(r_pred[0,0]).item():.4£f} "
£f'"x0 [{x0.min() .item():.4f}, {xO0.max().item():.4£f}]1")

# Losses

L_x = translation_loss(x_pred, x0, mask)
L.r = rotation_loss_v2(r_pred, r0, r_t, t, mask, igsoS_cache)
loss = L_x + L_r

# Auziliary losses for low mnoise (t < 0.25)
t_low_mask = (t < AUX_THRESHOLD).any ()
L_bb_val 0.0
L_2d_val 0.0
if t_low_mask:
# Select samples with t < threshold
low_idx = (t < AUX_THRESHOLD)
if low_idx.any():
L_bb = backbone_atom_loss(
r_pred[low_idx], x_pred[low_idx], psi_pred[low_idx],
rO[low_idx], xO0[low_idx], psil[low_idx],
mask[low_idx],

)

L_2d = pairwise_distance_loss(
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390
391
392
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394
395

396

397
398
399
100
401
402
103
404
105
106
407
108
109
410
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112
413
114
115
416
417
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434
435
136
437
438
139
440
441
442
443
144

446

147

x_pred[low_idx], xO0[low_idx], mask[low_idx],
)
loss = loss + AUX_WEIGHT * (L_bb + L_2d)
L_bb_val = L_bb.item()
L_2d_val = L_2d.item()

if not torch.isfinite(loss):
_log(£f" [WARN] NaN/Inf loss, skipping (L_x={L_x.item()},
L_r={L_r.item()})")
optimizer.zero_grad(set_to_none=True)
continue

loss.backward ()

# Gradient monitoring for the first epoch
if epoch == start_epoch and step_in_epoch <= 5:
for name, p in model.named_parameters():
if p.grad is not None:
if not torch.isfinite(p.grad).all():
_log(f" ©NaN grad in {namel}")
grad_n = p.grad.norm().item()
if grad_n > 100:
_log(f" Large grad in {name}: {grad_n:.1f}")

# Check for NalN gradients
grad_norm = clip_grad_norm_(model.parameters(), GRAD_CLIP)
if not torch.isfinite(grad_norm):
# Diagnostic: which parameters have Nal gradients?
if step_in_epoch <= 3:
nan_params = []
for name, p in model.named_parameters():
if p.grad is not Nomne and not torch.isfinite(p.grad)
.all ) :
nan_params . append (name)
_log(£f" [WARN] NaN gradients in: {nan_params[:10]}")
else:
_log(f" [WARN] NaN gradients, skipping optimizer step")
optimizer.zero_grad(set_to_none=True)
continue
# LR schedule: warmup then cosine decay
global_step += 1
total_steps = MAX_EPOCHS * len(train_loader)
if global_step <= WARMUP_STEPS:
cur_lr = LR * global_step / WARMUP_STEPS
else:
progress = (global_step - WARMUP_STEPS) / max(total_steps -
WARMUP_STEPS, 1)
cur_lr = LR_MIN + 0.5 * (LR - LR_MIN) * (1.0 + math.cos(math
.pi * progress))
for pg in optimizer.param_groups:
pgl’1lr’] = cur_1lr

optimizer.step ()
ema.update (_unwrap (model))

# Update self-conditioning cache
with torch.no_grad():
self _cond_prev = x_pred.detach()

# Metrics

with torch.no_grad():
rot_err = rotation_angle_error(r_pred, r0, mask)
rmsd = ca_rmsd(x_pred, x0, mask)
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149
450

epoch_metrics["L_x"] += L_x.item()

epoch_metrics["L_r"] += L_r.item()
epoch_metrics["L_bb"] += L_bb_val
epoch_metrics["L_2d"] += L_2d_val
epoch_metrics["total"] += loss.item()
epoch_metrics["rot_err"] += rot_err
epoch_metrics ["rmsd"] += rmsd

epoch_metrics["n_batches"] += 1

if _PREEMPTED:

break
nb = max(epoch_metrics["n_batches"], 1)
elapsed = time.time() - t_start
# o---- Talidation ------- - - oo oo oo o

model.eval ()
val_metrics = {"L_x": 0.0, "L_r": 0.0, "total": 0.0, "n": O}
with torch.no_grad():

for batch in val_loader:

r0 = batch["rotations"].to(device)
x0 = batch["translations"].to(device)
psi = batch["psi_angles"].to(device)

mask = batch["mask"].to(device)
B, N = x0.shape[:2]

t = torch.rand (B, device=device) * (T_MAX - T_MIN) + T_MIN
X_t = noise_translations(x0, t, mask)

# IGS03 rotation mnoise for waltidation
sigma = SIGMA_MIN + t * (SIGMA_MAX - SIGMA_MIN)

t_igso3 = sigma ** 2
r_noise = torch.zeros(B, N, 3, 3, device=device, dtype=x0.
dtype)

for b in range(B):
r_noise_b = igso3_cache.sample(t_igso3[b]l.item(), N,
device=device, dtype=x0.dtype)
r_noise[b] = r_noise_b
r_t = torch.matmul(r0O, r_noise)

distogram = torch.zeros(B, N, N, DISTOGRAM_BINS, device=
device)

r_pred, x_pred, psi_pred = model(r_t, x_t, t, distogram)

vL_x = translation_loss(x_pred, x0, mask)
vil_r = rotation_loss_vQ(r_pred, rO0O, r_t, t, mask,
igso3_cache)
val_metrics["L_x"] += vL_x.item()
val_metrics["L_r"] += vL_r.item()
val_metrics["total"] += (vL_x + vL_r).item()
val_metrics["n" += 1
vn = max(val_metrics["n"], 1)
val_total = val_metrics["total"] / vn
A A R A e e

print(
f"Epoch {epoch:03d} ({elapsed:.0f}s) "
f"L_x={epoch_metrics[’L_x’]/nb:.5f} "
f"L_r={epoch_metrics[’L_r’]/nb:.5f} "
f"L_bb={epoch_metrics[’L_bb’]/nb:.5£f} "
f"L_2d={epoch_metrics[’L_2d’]/nb:.5f} "
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566

f"total={epoch_metrics[’total’]/nb:.5f} "
f"rot_err={epoch_metrics[’rot_err’]/nb:.1f}deg
f"RMSD={epoch_metrics[’rmsd’]/nb:.2f}A "

f"| val_L_x={val_metrics[’L_x’]/vn:.5f} "
f"val_L_r={val_metrics[’L_r’]/vn:.5f} "
f"val_total={val_total:.5f}"

csv_writer.writerow ([
epoch,
f"{epoch_metrics[’L_x’]/nb:.6£f}",
f"{epoch_metrics[’L_r’]/nb:.6f}",
f"{epoch_metrics[’L_bb’]/nb:.6£f}",
f"{epoch_metrics[’L_2d’]/nb:.6£f}",
f"{epoch_metrics[’total’]/mnb:.6£f}",
f"{epoch_metrics[’rot_err’]/nb:.2f}",
f"{epoch_metrics[’rmsd’]/nb:.3f}",
f"{val_metrics[’L_x’]/vn:.6f}",
f"{val_metrics[’L_r’]/vn:.6f}",
f"{val_total:.6f}",

D

csv_file.flush()

# ---- Checkpointing -------o - oo m oo oo oo o oo oo
is_best = val_total < best_val_loss
if is_best:
best_val_loss = val_total
patience_counter = 0
save_checkpoint (model, ema, optimizer, epoch, val_total,
WEIGHT_DIR / "best.pt")
else:
patience_counter += 1

# Always save latest
save_checkpoint (model, ema, optimizer, epoch, val_total,
WEIGHT_DIR / "latest.pt")

# ---- Early stopping / preemption -----------------ooo oo~
if patience_counter >= PATIENCE:
print (f"[train_v2] Early stopping at epoch {epoch} "
f"(no improvement for {PATIENCE} epochs)")
break

if _PREEMPTED:
print ("[train_v2] Preempted -- checkpoint saved, exiting.")
# Resubmit SLURM job
job_script = str (SCRIPT_DIR.parent / "slurm" / "train_v2.sh")
if os.path.isfile(job_script):
os.system(f"sbatch {job_script}")
print (f"[train_v2] Resubmitted {job_script}")
break

csv_file.close ()
print (£"[train_v2] Done. Best val loss = {best_val_loss:.6f}")

print (f"[train_v2] Logs -> {csv_path}")
print (f"[train_v2] Weights-> {WEIGHT_DIR}")

# Entry point
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name == "__main__":

parser = argparse.ArgumentParser (description="FrameDiff v2 training")
parser.add_argument ("--resume", type=str, default=Nomne,
help="Path to checkpoint to resume from")
parser.add_argument ("--n_layers", type=int, default=None,
help="Number of model layers (default: model default
)"

parser.add_argument ("--weight_dir", type=str, default=None,
help="0verride weight directory")

parser.add_argument ("--stop_grad", action="store_true",
help="Enable stop-gradient on intermediate frames")
args = parser.parse_args ()

train(args)

Listing 3: Training Script (train_v2.py)
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A.4 Sampling Script (sample_v2.py)

pomnn

N

FrameDiff v2 sampling: generate protein backbones via reverse SE(3)
diffusion.

3
4 Changes from sample.py (v1):
5 - Geodesic reverse SDE on S0(3) (replaces naive matrix interpolation)

6 - IGS03 for initial rotation noise (replaces QR decomposition)
7 - Proper timestep-to-sigma schedule

8 - Import from model_v2 and so3_diffusion

9

10 Usage:

11 python sample_v2.py --weights PATH --n_samples 10 --length 100 --out_dir
./generated

12 "

13

14 import os, sys, argparse, math, time

15 from pathlib import Path

16

17 import torch

18 import torch.nn.functional as F

19 import numpy as np

21 SCRIPT_DIR = Path(__file__) .resolve().parent
22 sys.path.insert (0, str(SCRIPT_DIR))

24 from model_v2 import FrameDiffModel, compute_distogram

25 from losses import frames_to_atoms

26 from so3_diffusion import (IGSO03Cache, axis_angle_to_matrix,
matrix_to_axis_angle,

27 so3_exp, alpha_t, sigma_t)

33 SIGMA_MIN
34 SIGMA_MAX

]
= O

39 #

40

11 def reverse_step_rotations(R_t, R_pred, sigma_now, sigma_next, igsoS_cache):
42 """One reverse diffusion step on S0(3) using geodesic interpolation.
43

44 Parameters

45 0 mmmmmm——— -

46 R_t : (B_N, 3, 3) current noisy rotations (flattened batchx*N)
47 R_pred : (B_N, 3, 3) model-predicted clean rotations

48 sigma_now : float, current noise level

49 sigma_next : float, next noise level (smaller)
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50 igso3_cache : IGS03Cache instance
52 Returns
R_new : (B_N, 3, 3) updated rotations

nnn

56 B_N = R_t.shape [0]

57

58 # Relative rotation: how far is R_t from R_pred?

59 R_rel = R_t.transpose(-2, -1) @ R_pred # rotation from R_t to R_pred

60 axis, omega = matrix_to_axis_angle(R_rel) # axts (B_N, 3), omega (B_N,)

61

62 # How much to mowve toward R_pred at this step

63 # Posterior scaling: move proportionally to noise reduction

64 if sigma_now > le-6:

65 frac = 1.0 - (sigma_next / sigma_now) ** 2 # fraction of notise to
remove

66 else:

67 frac = 1.0

68 omega_step = omega * frac

69

-
o

# Apply geodesic step toward R_pred
R_step = axis_angle_to_matrix(axis, omega_step)

iy

72 R_mean = R_t @ R_step

73

74 # Addd reverse-step noise (IGS03)

75 if sigma_next > 0.01: # don’t add mnoise at finmal step

76 noise_sigma = sigma_next * math.sqrt(1.0 - (sigma_next / max(
sigma_now, le-6)) **x 2)

7 t_noise = noise_sigma *xx*x 2

78 t_noise = max(t_noise, 0.001) # clamp for cache range

79 R_noise = igsoS_cache.sample(t_noise, B_N, device=R_t.device, dtype=
R_t.dtype)

80 R_new = R_mean @ R_noise

81 else:

82 R_new = R_mean

83

84 # Gram-Schmidt re-orthogonalize

85 c0O = R_newl[..., :, 0]

86 cl = R_newl[..., :, 1]

87 e0 = F.normalize(cO, dim=-1)

88 el = c1 - (cl1 * e0).sum(-1, keepdim=True) * e0

89 el = F.normalize(el, dim=-1)

90 e2 = torch.cross(e0, el, dim=-1)

91 R_new = torch.stack([e0, el, e2], dim=-1)

92

93 return R_new

94

95

96 #

97 # Reverse diffusion sampler

98 #

99
100 @torch.no_grad ()
101 def sample_backbones(

102 model ,
103 igso3_cache,
104 n_samples: int = 10,

105 length: int = 100,
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106
107
108
109
110
111
112

114

136
137
138
139

n_steps: int = 200,
device: torch.device = torch.device("cpu"),
self_condition: bool = True,

"""Generate protein backbones via reverse SE(3) diffusion.

Uses DDPM-style xO-prediction with proper IGS03 rotation diffusion.

Returns

all_atoms : (n_samples, length, 4, 3) backbone atoms
all_R : (n_samples, length, 3, 3) final rotations
all_x : (n_samples, length, 3) final Ca positions
all_psi : (n_samples, length) final psi angles

nnn

model.eval ()
dtype = next(model.parameters()).dtype

# Timestep schedule: T -> 0
timesteps = torch.linspace(1.0, 0.0, n_steps + 1)
sigmas = SIGMA_MIN + timesteps * (SIGMA_MAX - SIGMA_MIN)

# Initialize from mnoise
# Translations: isotropic Gaussian, centered
= torch.randn(n_samples, length, 3, device=device, dtype=dtype)

X_
X_

t
t

= x_t - x_t.mean(dim=1, keepdim=True) # center

# Rotations: IGSO3 at maxzimum noise
t_max_igso3 = SIGMA_MAX x*x* 2
= igso3_cache.sample(t_max_igso3, n_samples * length, device=device,

R_

R_

t

t

dtype=dtype)
= R_t.view(n_samples, length, 3, 3)

# Self-conditioning cache

distogram = torch.zeros(n_samples, length, length,
dtype=dtype)

[N, CA, C, 0] in nm

32, device=device,

print (f"Sampling {n_samples} backbones of length {length} with {n_steps}

steps...")

for i in range(n_steps):

t_now = timesteps[i]

t_next = timesteps[i + 1]

sigma_now = sigmas[i].item()

sigma_next = sigmas[i + 1].item()

t_batch = t_now.expand(n_samples).to(device)

# Model prediction: clean frames

R_pred, x_pred, psi_pred = model(R_t, x_t, t_batch, distogram)

# Self-conditioning: update distogram from prediction

if self_condition:
distogram = compute_distogram(x_pred)

# --- Translation reverse step ---
# VP-SDE: =_t = alpha_t * 0 + sigma_t * eps
alpha_now = torch.exp(-t_now / 2.0)

sigma_now_trans = torch.sqrt(1.0 - alpha_now ** 2)
alpha_next_val = torch.exp(-t_next / 2.0)
sigma_next_trans = torch.sqrt(1.0 - alpha_next_val *x 2)
if i < n_steps - 1: # don’t add moise on last step

# DDPM posterior mean using z0 prediction
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166 noise = torch.randn_like(x_t)

167 noise = noise - noise.mean(dim=1, keepdim=True) # center

168 x_t = alpha_next_val * x_pred + sigma_next_trans * noise

169 else:

170 X_t = x_pred

171

172 X_t = x_t - x_t.mean(dim=1, keepdim=True) # re-center

173

174 # --- Rotation reverse step (geodestic on S0(3)) ---

175 # Flatten to (n_samples*length, 3, 3) for the reverse step

176 R_t_flat = R_t.view(-1, 3, 3)

177 R_pred_flat = R_pred.view(-1, 3, 3)

178 R_t_flat = reverse_step_rotations(R_t_flat, R_pred_flat,

179 sigma_now, sigma_next,
igso3_cache)

180 R_t = R_t_flat.view(n_samples, length, 3, 3)

181

182 if (i + 1) % 50 == 0 or i == n_steps - 1:

183 print (f" Step {i+1}/{n_steps}: t={t_next.item():.4f}, "

184 f"sigma={sigma_next:.4f}")

185

186 # Reconstruct full backbone atoms

187 atoms = frames_to_atoms(R_t, x_t, psi_pred) # (n_samples, length, 4, 3)

188 return atoms, R_t, x_t, psi_pred

189

190

191 #

192 # PDB writer

193 #

194

195 def atoms_to_pdb(atoms: np.ndarray, path: str, chain: str = "A"):

196 """Write backbone atoms (N, CA, C, 0) to PDB file.

197

198 atoms : (L, 4, 3) in nanometers

199 e

200 atom_names = ["N", "CA", "C", "0O"]

201 elements = ["N", "C", "C", "0O"]

202

203 with open(path, "w") as f:

204 atom_idx = 1

205 for res_idx in range(atoms.shape[0]):

206 for a_idx, (aname, elem) in enumerate(zip(atom_names, elements))

207 X, y, z = atoms[res_idx, a_idx] * 10.0 # nm -> Angstroms

208 f.write(

209 f"ATOM {atom_idx:5d} {aname:<3s} GLY {chain}{res_idx
+1:44d} "

210 £f"{x:8.3f}{y:8.3f}{z:8.3f}r 1.00 0.00 {elem
:>2s}F\n"

211 )

212 atom_idx += 1

213 f.write ("END\n")

214

215

216 #

217 # Mazin
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218 #

220 def main () :

221 parser = argparse.ArgumentParser (description="FrameDiff v2 backbone
sampling")
222 parser.add_argument ("--weights", type=str,
223 default="/global/scratch/users/sergiomar10/
latentlabs/framediff/weights_v2/best.pt",
224 help="Path to model checkpoint")
225 parser.add_argument ("--n_samples", type=int, default=8, help="Number of

samples")
226 parser.add_argument ("--length", type=int, default=100, help="Chain

length")

227 parser.add_argument ("--n_steps", type=int, default=200, help="Diffusion
steps")

228 parser.add_argument ("--out_dir", type=str,

229 default="/global/scratch/users/sergiomar10/

latentlabs/framediff/generated_v2",

230 help="0utput directory")

231 parser.add_argument ("--device", type=str, default="cuda" if torch.cuda.
is_available () else "cpu")

232 args = parser.parse_args ()

233

234 device = torch.device(args.device)

235 out_dir = Path(args.out_dir)

236 out_dir .mkdir (parents=True, exist_ok=True)

237

238 # Load model

239 print (f"Loading model from {args.weights}")

240 model = FrameDiffModel (max_len=512, distogram_bins=32).to(device)

241 ckpt = torch.load(args.weights, map_location=device, weights_only=False)

242

243 # Load EMA weights if available

244 if "ema_state_dict" in ckpt:

245 print ("Using EMA weights")

246 ema_sd = ckpt["ema_state_dict"]

247 model_sd = model.state_dict ()

248 for k in model_sd:

249 if k in ema_sd:

250 model_sd[k] = ema_sd[k]

251 model.load_state_dict (model_sd)

252 else:

253 model.load_state_dict (ckpt["model_state_dict"])

254

255 epoch = ckpt.get("epoch", "?7")

256 val_loss = ckpt.get("val_loss", "7")

257 print (f"Loaded checkpoint: epoch={epoch}, val_loss={val_loss}")

258

259 # Build IGS03 cache

260 print ("Building IGS03 cache...")

261 igso3_cache = IGS03Cache ()

262 print ("IGS03 cache ready")

263

264 # Sample

265 t0 = time.time ()

266 atoms, R, x, psi = sample_backbones/(

267 model ,

268 igso3_cache,

269 n_samples=args.n_samples,

270 length=args.length,

271 n_steps=args.n_steps,
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device=device,
)
elapsed = time.time() - tO
print (f"Sampling took {elapsed:.1f}s")
# Save PDBs
atoms_np = atoms.cpu().numpy ()
for i in range(args.n_samples):
pdb_path = out_dir / f"sample_{i:03d}_L{args.lengthl}.pdb"
atoms_to_pdb(atoms_np[i], str(pdb_path))
print (f" Saved {pdb_path}")
# Basic quality stats
print ("\n--- Quick quality check ---")
for i in range(min(3, args.n_samples)):
ca = atoms_npl[i, :, 1, :] * 10.0 # C4 positions in Angstroms
# Ca-Ca bond lengths
dists = np.sqrt(((cal1:] - cal:-1]) ** 2).sum(-1))
print (f" Sample {i}: Ca-Ca distances: mean={dists.mean():.2f}A, "
f"std={dists.std():.2f}A, min={dists.min():.2f}A, max={dists.
max () :.2f}A "
f"(ideal: 3.8A)")
# Radius of gyration
com = ca.mean(axis=0)
rg = np.sqrt(((ca - com) *x* 2).sum(-1).mean())
print (£" Rg={rg:.1£f}A")
print (£"\nAll {args.n_samples} PDBs saved to {out_dirl}")
if __name__ == "__main__":

main ()

Listing 4: Sampling Script (sample v2.py)
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A.5 SO(3) Diffusion (so3_diffusion.py)

S0(3) rotation diffusion for FrameDiff -style protein backbone generation.

Implements the Isotropic Gaussian on S0(3) (IGS03) distribution, its score
function, sampling via CDF inversion, and the associated rotation utilities
(Rodrigues, exp/log maps). Also includes VP-SDE translation diffusion.

A1l public functions operate on PyTorch tensors. The IGS03Cache class
pre-computes grids with numpy/scipy and exposes fast torch-based lookups.

Reference
Yim et al., "SE(3) Diffusion Model with Application to Protein Backbone
Generation", ICML 2023.

from _future_

_ import annotations
import ast

import math

from typing import Optiomnal, Tuple

import numpy as np
import torch
from scipy.interpolate import RegularGridInterpolator

; from scipy.integrate import trapezoid

_EPS = 1le-7 # guard for division-by-zero

def _sinc_half (omega: np.ndarray) -> np.ndarray:
"""sin(omega/2) / (omega/2), safe at omega=0."""
h = omega / 2.0
out = np.ones_like (h)
mask = np.abs(h) > _EPS
out [mask] = np.sin(h[mask]) / hl[mask]
return out

def _igso3_density_np/(
omega: np.ndarray,
t: np.ndarray,
L_max: int = 1000,
) -> np.ndarray:
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nnn

Evaluate the IGS03 density on a meshgrid (omega, t) using numpy float64.

f(omega, t) = sum_{1=0}"{L_max} (21+1) exp(-1(1+1) t/2)
* sin((1+0.5) omega) / sin(omega/2)

Parameters

omega : (N,) array, angles in [0, pi].

t : (M,) array, diffusion times > O.
Returns

density : (N, M) array.
omega = np.asarray(omega, dtype=np.float64)
t = np.asarray(t, dtype=np.float64)

# Shape: (N, 1) and (1, M) for broadcasting
om = omegal:, Nonel
tt = t[Nome, :]

density = np.zeros ((omega.shape[0], t.shape[0]), dtype=np.float64)

sin_half = np.sin(om / 2.0) # (WN,1)

# Near omega=0 or omega=pi, sin(omega/2) -> 0; handle via Taylor.

safe_denom = np.where(np.abs(sin_half) > _EPS, sin_half, np.ones_like(
sin_half))

for ell in range(L_max + 1):
coeff = (2 *x ell + 1)
exp_part = np.exp(-ell * (ell + 1) * tt / 2.0) # (1, M)

# sin((ell+0.5)*omega) with Taylor near omega=0
arg = (ell + 0.5) * om # (N,1)

sin_num = np.sin(arg)

# ratio = sin((1+0.5)+*omega) / sin(omega/2)

# At omega->0: Taylor gives (21+1) (leading order)

# At omega->pi: sin(omega/2)->1, so no singularity in denominator,

# but sin((1+0.5)#*pi) = cos(l*pi)*sin(pi/2)#%... we just compute
directly

# since sin(pi/2)=1 is fine.

near_zero = np.abs(om) < _EPS

ratio = np.where(

near_zero,
(2 * ell + 1) * np.ones_like(om), # L’Hopital: limit ts (21+1)
sin_num / safe_denom,

density += coeff * exp_part * ratio # (N, M)

# Early termination: i1f the exzponential s mnegligibly small for all
t

# remaining terms are even smaller because ell grows.

if ell > 0 and np.all(exp_part < 1e-30):
break

return density

def igso3_density(

omega: torch.Tensor,

02



113 t: torch.Tensor,
114 L_max: int = 1000,
115 ) -> torch.Tensor:

116 nnn

117 IGS03 density f(omega, t).

118

119 Parameters

120 mmmmm—-—- -

121 omega : (*,) tensor of rotation angles in [0, pi].

122 t : (x,) tensor of diffusion times (same shape or broadcastable).

123

124 Returns

125 —----=-

126 density : (*,) tensor.

127 e

128 shape = torch.broadcast_shapes(omega.shape, t.shape)

129 om_flat = omega.broadcast_to(shape).reshape(-1).double().cpu().numpy ()

130 t_flat = t.broadcast_to(shape).reshape(-1).double().cpu().numpy()

131

132 # Evaluate ome-by-one through vectorised 1D call (each pair
independently)

133 unique_t = np.unique(t_flat)

134 density_out = np.empty_like(om_flat)

135

136 # Group by wunique t for efficiency

137 for tv in unique_t:

138 mask = t_flat == tv

139 om_sub = om_flat [mask]

140 d = _igso3_density_np(om_sub, np.array([tv]), L_max=L_max)

141 density_out [mask] = d[:, 0]

142

143 return torch.tensor (density_out, dtype=omega.dtype, device=omega.device)
.reshape (shape)

144

145

146 #

147 # 2. IGS03 Score (d log f / d omega)
148 #

150 def _igsoB_density_and_deriv_np(
151 omega: np.ndarray,
152 t: np.ndarray,
153 L_max: int = 1000,
1) -> Tuple[np.ndarray, np.ndarrayl]:

nnn

156 Compute f (omega,t) and df/domega on a meshgrid.

157

158 The derivative of the 1-th term w.r.t. omega:

159 d/domega [ sin((1+0.5)*omega) / sin(omega/2) ]

160 = [(1+0.5)*cos((1+0.5) *omega)*sin(omega/2)

161 - s8in((1+0.5) *omega) *0.5*xcos (omega/2)] / sin~2(omega/2)

163 Returns (N,M) arrays for density and its omega-derivative.
nmnn

165 omega = np.asarray(omega, dtype=np.float64)
166 t = np.asarray(t, dtype=np.float64)

167 om = omegal:, None]

168 tt = t[None, :]
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density = np.zeros((len(omega), len(t)), dtype=np.float64)
deriv = np.zeros_like(density)

sin_half = np.sin(om / 2.0)

cos_half = np.cos(om / 2.0)

sin_half_sq = sin_half *x 2

near_zero = np.abs(om) < _EPS

# Near pi: sin(omega/2) ~ 1, cos(omega/2) ~ 0, well-behaved.

safe_sin_half = np.where(np.abs(sin_half) > _EPS, sin_half, np.ones_like
(sin_half))

safe_sin_half_sq = np.where(np.abs(sin_half_sq) > _EPS, sin_half_sq, np.
ones_like(sin_half_sq))

for ell in range(L_max + 1):
coeff = 2 % ell + 1
half_ell = ell + 0.5
exp_part = np.exp(-ell * (ell + 1) * tt / 2.0)

sin_num = np.sin(half_ell * om)
cos_num = np.cos(half_ell * om)

# --- f term ---
ratio = np.where(near_zero, float(coeff), sin_num / safe_sin_half)
density += coeff * exp_part * ratio

# --- df/domega term ---

# d/domega [sin(a*om)/sin(om/2)]

# = [a*cos(a*om)*sin(om/2) - sin(a*om)*cos(om/2)/2] / sin~2(om/2)

# At omega->0 Taylor:

# ratio ~ (21+1) + higher order => dertivative at 0:

# Ezpanding to first order: deriv ~ -(21+1)(1)(1+1)/6 * omega (->
0)

numer = half_ell * cos_num * sin_half - sin_num * cos_half * 0.5

d_ratio = np.where(near_zero, 0.0, numer / safe_sin_half_sq)

deriv += coeff * exp_part * d_ratio

if ell > 0 and np.all(exp_part < 1e-30):
break

return density, deriv

def igso3_score(
omega: torch.Tensor,
t: torch.Tensor,
L_max: int = 1000,

) -> torch.Tensor:

nnn

IGS03 score: d log f / d omega.

Parameters

omega : (*,) rotation angles in [0, pi].

t : (*x,) diffusion times.

Returns

score : (*x,) tensor, same shape.

mnn

shape = torch.broadcast_shapes(omega.shape, t.shape)

om_flat = omega.broadcast_to(shape).reshape(-1).double().cpu().numpy ()
t_flat = t.broadcast_to(shape).reshape(-1).double().cpu().numpy()
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score_out = np.empty_like(om_flat)
for tv in np.unique(t_flat):
mask = t_flat == tv
om_sub = om_flat [mask]
f, df = _igso3_density_and_deriv_np(om_sub, np.array([tv]), L_max=
L_max)
safe_f = np.where(mp.abs(f[:, 0]) > 1e-30, £[:, 0], 1e-30)
score_out [mask] = df[:, 0] / safe_f

return torch.tensor(score_out, dtype=omega.dtype, device=omega.device).
reshape (shape)
#
# 3. Score Normalization Factor

def score_norm(
t: float | np.ndarray,
n_omega: int = 2000,
L_max: int = 1000,
) -> np.ndarray:
o
Compute 1 / E[||score||~2] for loss weighting.

E[llscorel|~2] = \int_O0"pi (d log f / d omega)~2 f(omega,t) sin~2(omega
/2) d omega
/ \int_O0~pi f(omega,t) sin~2(omega/2) d omega

Parameters

;_:_;;;i;; or 1-D array of diffusion times.

Returns

i;;_:_;ame shape as t, the normalisation lambda_r(t).

nnn

t = np.atleast_1ld(np.asarray(t, dtype=np.float64))

omega_grid = np.linspace(le-6, np.pi - le-6, n_omega)
f, df = _igso3_density_and_deriv_np(omega_grid, t, L_max=L_max) # (N, N
)

sin2_half = (np.sin(omega_grid / 2.0) ** 2)[:, Nonel # (N, 1)

# d log f / d omega
safe_f = np.where(mnp.abs(f) > 1e-30, f, 1e-30)
score_vals = df / safe_f # (N, M)

integrand_num = score_vals ** 2 * f * sin2_half
integrand_den f * sin2_half

e_score_sq = trapezoid(integrand_num, omega_grid, axis=0) / \
np.maximum(trapezoid (integrand_den, omega_grid, axis=0), le
-30)
lam = 1.0 / np.maximum(e_score_sq, 1e-30)

return lam.squeeze ()
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285 # 5. Rodrigues Formula & azis-angle <-> matric

288 def _skew_symmetric(v: torch.Tensor) -> torch.Tensor:

289 men

290 Skew-symmetric matrix from vector. v: (..., 3) -> (..., 3, 3).
291 e

292 z = torch.zeros_like(v[..., 0])

293 K = torch.stack ([

294 torch.stack([z, -v[..., 2], v[..., 11], dim=-1),

295 torch.stack ([v[..., 2], z, -v[..., 0]], dim=-1),

296 torch.stack([-v([..., 1], v[..., 0], z], dim=-1),

297 ], dim=-2)

298 return K

299
300
301 def axis_angle_to_matrix(axis: torch.Tensor, angle: torch.Temsor) -> torch.

Tensor:
302 e
303 Rodrigues formula.
304
305 Parameters
306 00 omemmmmm————
307 axis : (..., 3) unit vectors.
308 angle : (...,) rotation angles in radians.
309
310 Returns
311 ———-——-
312 R : (..., 3, 3) rotation matrices.
313 men
314 K = _skew_symmetric(axis) # (..., 3, 3)
315 s = torch.sin(angle)[..., Nomne, None]
316 ¢ = torch.cos(angle)[..., Nome, None]
317 I = torch.eye(3, dtype=axis.dtype, device=axis.device) .expand_as (K)
318 R=1+s *x K+ (1.0 - ¢c) * (K @ K)
319 return R
320
321

322 def matrix_to_axis_angle(R: torch.Tensor) -> Tuple[torch.Tensor, torch.

Tensor]:
323 e
324 Extract axis and angle from a rotation matrix.
325
326 Parameters
327 —-m—-——-—--
328 R : (..., 3, 3) rotation matrices.
329
330 Returns
331 === ===-
332 axis : (..., 3) unit axis (arbitrary when angle ~ 0).
333 angle : (...,) rotation angle in [0, pil.
334 e
335 # angle from trace
336 trace = R[..., 0, 0] + R[..., 1, 11 + R[..., 2, 2]
337 cos_angle = (trace - 1.0) / 2.0
338 cos_angle = cos_angle.clamp(-1.0, 1.0)
339 angle = torch.acos(cos_angle) # [0, pil
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341 # azis from skew part of R

342 rx = R[..., 2, 1] - R[..., 1, 2]

343 ry = R[..., 0, 2] - R[..., 2, 0]

344 rz = R[..., 1, 0] - R[..., O, 1]

345 axis = torch.stack([rx, ry, rz], dim=-1)

346

347 # normalise; when angle”™0 the azis is arbitrary

348 norm = axis.norm(dim=-1, keepdim=True).clamp(min=_EPS)

349 axis = axis / norm

350

351 # When angle ~ pi, the skew part is mnear zero; recover azis from

352 # the symmetric part: R + I = 2 % cos(0) * outer(aztis, azis) (not
needed

353 # for typical diffusion angles, but handle for robustness).

354 near_pi = (angle > math.pi - 0.01) .unsqueeze(-1)

355 if near_pi.any():

356 # Pick the column of (R + I) with the largest diagonal entry

357 Rpi = R + torch.eye(3, dtype=R.dtype, device=R.device)

58 diag = torch.diagonal(Rpi, dimil=-2, dim2=-1) # (..., 3)

59 idx = diag.argmax(dim=-1) # (...,)
360 # gather the column

361 idx_exp = idx.unsqueeze(-1).unsqueeze(-1).expand(*idx.shape, 3, 1)
362 col = torch.gather(Rpi, -1, idx_exp).squeeze(-1) # (..., 3)

363 col = col / col.norm(dim=-1, keepdim=True).clamp(min=_EPS)

364 axis = torch.where(near_pi, col, axis)

366 return axis, angle

370 # 6. S0(3) Ezponential and Log Maps

373 def soS_exp(w: torch.Tensor) -> torch.Tensor:

375 Exponential map: tangent vector (or skew matrix) -> rotation matrix.

376

377 Parameters

378 ——m—m - -

379 w : (..., 3) axis-angle vector **or** (..., 3, 3) skew-symmetric
matrix.

380

381 Returns

382 ——-----

383 R : (..., 3, 3).

384 e

385 if w.dim() >= 2 and w.shape[-1] == 3 and w.shape[-2] == 3:

386 # Extract azis-angle from skew matriz

387 w = torch.stack([w([..., 2, 11, w[..., 0, 2], w[..., 1, 0]], dim=-1)

388

389 angle = w.norm(dim=-1).clamp(min=_EPS)

390 axis = w / angle.unsqueeze(-1)

391 return axis_angle_to_matrix(axis, angle)

392

393
304 def so3_log(R: torch.Tensor) -> torch.Tensor:
395 nmnn

396 Logarithmic map: rotation matrix -> tangent vector (axis * angle).
397
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398 Parameters
399 mmmmmm——— -

400 R : (..., 3, 3).

401

402 Returns

T

404 w : (..., 3) axis-angle vector.
405 e

406 axis, angle = matrix_to_axis_angle(R)
407 return axis * angle.unsqueeze(-1)
408

409

110 #

111 # 4. IGS03 Sampling (uses Rodrigues from above)
412 #

414 def _sample_axis_uniform(n: int, device: torch.device, dtype: torch.dtype)
-> torch.Tensor:

415 """Sample n unit vectors uniformly on S~2."""

416 v = torch.randn(n, 3, device=device, dtype=dtype)
117 return v / v.norm(dim=-1, keepdim=True)

418

120 def sample_igso3(

421 t: float,

422 n_samples: int,

423 omega_grid: Optional[np.ndarray] = None,

424 cdf: Optional[np.ndarray] = None,

425 L_max: int = 1000,

426 device: torch.device = torch.device("cpu"),
427 dtype: torch.dtype = torch.float32,

428 ) -> torch.Tensor:

429 nwnon

430 Sample rotation matrices from IGS03(t).

431

432 1. Build / re-use CDF of omega under the IGSO03 measure.
433 2. Invert CDF via interpolation to get omega samples.

134 3. Sample random axes on S72.

435 4. Construct rotation via Rodrigues.

436

437 Parameters

138 —-mm—m-- - -

439 t : diffusion time (scalar).

440 n_samples : number of rotations to draw.

441 omega_grid, cdf : optional pre-computed grid (from IGS03Cache).
442 L_max : truncation for the density series.

443

444 Returns

445 - ------

446 R : (n_samples, 3, 3) rotation matrices.

447 e

448 # --- CDF ---

449 if omega_grid is None or cdf is None:

450 n_grid = 2000

451 omega_grid = np.linspace(le-6, np.pi - le-6, n_grid)
452 f = _igso3_density_np(omega_grid, np.array([t]), L_max=L_max)[:, O]
453 sin2_half = np.sin(omega_grid / 2.0) **x 2

454 pdf = f *x sin2_half

455 pdf = np.maximum(pdf, 0.0)
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456

458
459
460
461
462
463
464
465
466
467
468
469

470
471

480
481

482
483
484
485

486

509

def

)

#

cdf = np.cumsum(pdf)
cdf cdf / cdf[-1] # normalise

# Invert CDF by interpolation

u = np.random.rand(n_samples)

omega_samples = np.interp(u, cdf, omega_grid)

omega_t = torch.tensor (omega_samples, dtype=dtype, device=device)
axes = _sample_axis_uniform(n_samples, device, dtype)

R = axis_angle_to_matrix (axes, omega_t)

return R

compute_rotation_score(
r_pred: torch.Tensor,
r_noisy: torch.Tensor,
t: torch.Tensor,

-> torch.Tensor:

8.

nnn

Compute the S0(3) score given predicted clean rotation and noised
rotation.

score = r_noisy @ (axis * score_magnitude) (tangent vector at
r_noisy)

where r_rel = r_pred”T @ r_noisy, omega = angle(r_rel),
axis = axis(r_rel), score_magnitude = d log f / d omega.
Parameters
r_pred : (..., 3, 3) predicted clean rotations.
r_noisy : (..., 3, 3) noised rotations at time t.
t : (...,) or scalar diffusion time.
Returns
score : (..., 3) tangent vector at r_noisy (body-frame).

nnn

r_rel = r_pred.transpose(-2, -1) @ r_noisy # (..., 3, 3)

axis, omega = matrix_to_axis_angle(r_rel)

t_b = t.broadcast_to(omega.shape) if isinstance(t, torch.Tensor) else \
torch.full_like (omega, float(t))

score_mag = igso3_score(omega, t_b) # (...,)

# Tangent wvector im body frame at identity, then transport to rT_noisy
tangent_id = axis * score_mag.unsqueeze(-1) # (..., 3)
return tangent_id

IGS03 Cache
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510 #

512 class IGS03Cache:

nnn

514 Pre-compute IGS03 quantities on a 2-D (omega x t) grid and provide fast
515 interpolated look-ups.

517 Attributes

518 mmmmmmmmm

519 omega_grid : (N,) numpy array, angles in (0, pi).

520 t_grid : (M,) numpy array, times in (t_min, t_max).
521 density : (N, M) pre-computed f(omega, t).

522 deriv : (N, M) df/domega.

523 cdf : (N, M) CDF(omega | t) for each column.

524 score_norms: (M,) lambda_r(t).

nnn

527 def init__(

528 self,

529 n_omega: int = 1000,

530 n_t: int = 1000,

531 t_min: float = 0.001,

532 t_max: float = 5.0,

533 L_max: int = 1000,

534 ):

535 self.L_max = L_max

536 self.omega_grid = np.linspace(le-6, np.pi - le-6, n_omega).astype (np
.float64)

537 self.t_grid = np.linspace(t_min, t_max, n_t).astype(np.float64)

538

539 # --- density & derivative ---

540 self .density, self.deriv = _igso3_density_and_deriv_np(

541 self .omega_grid, self.t_grid, L_max=L_max,

542 )

543

544 # --- score = d log f / d omega ---

545 safe_f = np.where(np.abs(self.density) > 1e-30, self.demnsity, 1e-30)
546 self . _score_grid = self.deriv / safe_f # (N, M)

548 # --- CDF for each t column ---

549 sin2_half = (np.sin(self.omega_grid / 2.0) ** 2)[:, Nonel
550 pdf = self.density * sin2_half # (N, M)

51 pdf = np.maximum(pdf, 0.0)

52 self.cdf = np.cumsum(pdf, axis=0)

553 # mormalise each column
554 cdf _max = self.cdf[-1:, :]
555 cdf _max = np.where(cdf_max > 0, cdf_max, 1.0)

556 self.cdf = self.cdf / cdf_max

5
58 # --- score morms ---

559 self.score_norms = score_norm(self.t_grid, n_omega=n_omega, L_max=
L_max)

560

561 # --- scipy interpolators ---

562 self._density_interp = RegularGridInterpolator (

563 (self.omega_grid, self.t_grid), self.density,

564 method="1linear", bounds_error=False, fill_value=None,

565 )

566 self. _score_interp = RegularGridInterpolator (

567 (self.omega_grid, self.t_grid), self._score_grid,

568 method="1linear", bounds_error=False, fill_value=None,
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569 )
0 self._score_norm_t = self.t_grid.copy()
self._score_norm_vals = np.atleast_1d(self.score_norms).copy ()

3 # ---- fast torch look-ups ----

5 def density_lookup(self, omega: torch.Tensor, t: torch.Tensor) -> torch.
Tensor:

6 """Interpolated density f(omega, t)."""

7 pts = np.stack ([

8 omega.double () .cpu() .numpy () .ravel (),

9 t.double () .cpu() .numpy () .ravel (),

580 ], axis=-1)

581 vals = self._density_interp(pts)

582 return torch.tensor(vals, dtype=omega.dtype, device=omega.device).

reshape (omega.shape)

584 def score_lookup(self, omega: torch.Temnsor, t: torch.Tensor) -> torch.
Tensor:

585 """Interpolated score d log f / d omega."""

586 pts = np.stack ([

587 omega.double () .cpu() .numpy () .ravel(),

588 t.double () .cpu() .numpy () .ravel (),

589 ], axis=-1)

590 vals = self._score_interp(pts)

591 return torch.tensor(vals, dtype=omega.dtype, device=omega.device).

reshape (omega.shape)

593 def score_norm_lookup(self, t: torch.Tensor) -> torch.Tensor:

594 """Interpolated lambda_r(t)."""

595 t_np t.double () .cpu() .numpy () .ravel ()

596 vals = np.interp(t_np, self._score_norm_t, self._score_norm_vals)

597 return torch.tensor(vals, dtype=t.dtype, device=t.device).reshape(t.
shape)

598

599 def sample(

600 self,

601 t: float,

602 n_samples: int,

603 device: torch.device = torch.device("cpu"),
604 dtype: torch.dtype = torch.float32,

605 ) -> torch.Tensor:

606 e
607 Sample rotation matrices from IGS03(t) using the cached CDF.
608

609 Returns (n_samples, 3, 3).

610 e

611 # Find the nearest t column for the CDF

612 idx = np.searchsorted(self.t_grid, t).clip(0, len(self.t_grid) - 1)
613 cdf_col = self.cdf[:, idx]

614 return sample_igso3(

615 t, n_samples,

616 omega_grid=self.omega_grid, cdf=cdf_col,

617 L_max=self.L_max, device=device, dtype=dtype,

618 )

619

620

621 #

622 # 9. Translation Diffusion (VP-SDE, simple Gaussian)
623 #
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624
625
626

637
638
639
640
641
642
643
644
645
646
647
648
649

650

660
661
662
663
664
665

666

667
668
669
670

671

def

def

def

def

alpha_t(t: torch.Tensor) -> torch.Tensor:
"""YP-SDE scaling factor alpha(t) = exp(-t/2)."""
return torch.exp(-t / 2.0)

sigma_t(t: torch.Temnsor) -> torch.Tensor:

"""VP-SDE noise level sigma(t) = sqrt(l - alpha(t)~2)."""
a = alpha_t(t)

return torch.sqrt((1.0 - a * a).clamp(min=0.0))

_centering_projection(n: int, device: torch.device, dtype:

-> torch.Tensor:

nnn

Centering projection P = I - (1/n) 11-T. Shape (n, n).

torch.dtype)

Removes the mean so translations live in the zero-COM subspace.

nnn

I = torch.eye(n, device=device, dtype=dtype)
ones = torch.ones(n, 1, device=device, dtype=dtype)
return I - ones @ ones.T / n

sample_translation_noise (
x0: torch.Tensor,

t: torch.Tensor,

center: bool = True,

) -> torch.Tensor:

def

nnn

Forward VP-SDE: x_t = alpha(t) * x0 + sigma(t) * eps,
optionally centered (projected to zero COM).

Parameters

x0 : (N, 3) clean positions.
t : scalar or (N,) times.
Returns

x_t : (N, 3).

nnn

if isinstance(t, (int, float)):
t = torch.tensor(t, dtype=x0.dtype, device=x0.device)

t = t.reshape(-1, 1) if t.dim() == 1 else t.unsqueeze(0) # (N,1) or
(1,1)
alpha_t(t) # (*, 1)

s = sigma_t(t)

eps = torch.randn_like (x0)

if center:
P = _centering_projection(x0.shape[0], x0.device, xO.dtype)

eps = P @ eps # project noise to zero-CON

x_t = a * xO + s * eps
if center:

x_t = P @ x_t
return x_t

translation_score (
x0_pred: torch.Tensor,
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684 x_t: torch.Tensor,
685 t: torch.Tensor,
686 ) -> torch.Tensor:

687 nnn

688 Translation score: nabla_{x_t} log p(x_t | x0).
689

690 = -(x_t - alpha(t) x0) / sigma(t)~2

691

692 Parameters

693 0 ommmmmm————

694 x0_pred : (N, 3) predicted clean positions.

695 x_t : (N, 3) noised positions.

696 t : scalar or (N,) times.

697

698 Returns

699 0 ommm———-

700 score : (N, 3).

701 e

702 if isinstance(t, (int, float)):

703 t = torch.tensor(t, dtype=x_t.dtype, device=x_t.device)
704 t = t.reshape(-1, 1) if t.dim() == 1 else t.unsqueeze (0)
705

706 a = alpha_t(t)

707 s2 = sigma_t(t) *x 2

708 s2 = s2.clamp(min=1e-10)

709 return -(x_t - a * xO_pred) / s2

710

711

712 #

716 def _run_tests():

717 """Quick sanity checks (run with python so3_diffusion.py)."""

718 import sys

719 print ("Running S0(3) diffusion self-tests..!)

720

721 # --- Rodrigues rounditrip ---

722 axis = torch.tensor([0.0, 0.0, 1.0])

723 angle = torch.tensor (1.2)

724 R = axis_angle_to_matrix (axis, angle)

725 a2, ang2 = matrix_to_axis_angle(R)

726 assert abs(ang2.item() - 1.2) < le-5, f"Rodrigues roundtrip failed: {
ang2}"

727

728 # --- exp / log roundtrip ---

729 w = torch.tensor ([0.3, -0.5, 0.1])

730 R2 = so3_exp(w)

731 w2 = so3_log(R2)

732 assert torch.allclose(w, w2, atol=le-5), f"exp/log roundtrip failed"

733

734 # --- Density at moderate t should be peaked mnear omega=0 ---

735 om = torch.tensor([0.01, 0.5, 1.5, 3.0])

736 t_mod = torch.temnsor([0.5, 0.5, 0.5, 0.5])

737 d = igso3_density(om, t_mod)

738 assert d[0] > d[2] > d[3], f"Density not peaked at omega=0 for t=0.5: {d
}u

739 # At wvery small t (0.01), density is essentially a delta at omega=0

740 # so wvalues at omega>=0.5 underflow to 7“0, which is correct behaviour.
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# --- Score sign: should be negative for omega > 0 (pushes back to 0)

s = igso3_score(torch.tensor ([1.0]), torch.tensor ([0.5]))
assert s.item() < 0, f"Score should be negative, got {s.item()1}"

# --- Sampling: small t — near identity ---
R_samp = sample_igso3(0.01, 500)
angles = matrix_to_axis_angle (R_samp) [1]

assert angles.
mean angle

mean() < 0.5, f"Samples at small t too far from identity:
={angles.mean() : .3f}"

# --- Sampling: large t — “uniform, mean angle should be “pi/2 ---
R_samp2 = sample_igso3(50.0, 2000)
angles2 = matrix_to_axis_angle (R_samp2) [1]

# Uniform on S0(3): E[angle] = pt - 1 =~ 2.14

# (density of

angle for uniform = sin-2(omega/2) / (pi) mnormalised)

assert abs(angles2.mean().item() - 2.14) < 0.3, \

f"Large-t

samples not uniform: mean angle={angles2.mean():.3f},

expected 72.14"

# --- Score morm should be 0(1) ---

lam = score_norm(np.array([0.1, 1.0, 3.0]))

assert np.all(np.isfinite(lam)), f"Score norm not finite: {laml}"
assert np.all(lam > 0), f"Score norm not positive: {laml}"

# --- Translation VP-SDE ---
x0 = torch.randn (10, 3)
x0 = x0 - x0.mean (0)

xt = sample_translation_noise(x0, 0.5)

assert xt.shape == x0.shape

assert abs(xt.mean(0).sum().item()) < 0.1, "Translation noise not
centered"

ts = translation_score(x0, xt, 0.5)

assert ts.shape == x0.shape

# --- IGS03Cache (small grid for speed) ---

cache = IGS03Cache(n_omega=100, n_t=50, L_max=500)
d_cached = cache.density_lookup(torch.tensor ([1.0]), torch.tensor ([0.5])

)

assert d_cached.shape ==

assert s_cached.shape
R_cached = cache.sample

(1,)
s_cached = cache.score_lookup(torch.tensor ([1.0]), torch.tensor ([0.5]))
== (1,)
(0.5, 10)
== (10, 3, 3)

assert R_cached.shape

print ("All tests passed.")

return O

name__ == "

main__":

# Syntaxz check
import pathlib

src = pathlib.
ast.parse(src)
_run_tests ()

Path(__file__) .read_text ()

Listing 5: SO(3) Diffusion (so3_ diffusion.py)
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A.6 Data Loading (data.py)

o

N

CATH dataset for FrameDiff: loads protein backbones, converts to SE(3)
frames.

4 A1l coordinates are stored and returned in **nanometerss*x*.

7 import json

8 import math

9 import torch

10 import numpy as np

11 from torch.utils.data import Dataset, Sampler
12 from typing import Dict, List, Optional, Tuple

19 def _gram_schmidt(vl: torch.Tensor, v2: torch.Tensor) -> torch.Tensor:

20 """Gram-Schmidt orthogonalisation to build a rotation matrix from two
vectors.

21

22 Parameters

23 0 mmmmmm———

24 vi : (..., 3) first vector (C - CA direction)

25 v2 : (..., 3) second vector (N - CA direction)

2¢

27 Returns

DY ——

29 R : (..., 3, 3) rotation matrix with columns [el, e2, e3]

30 men

31 el = vl / (torch.linalg.norm(vl, dim=-1, keepdim=True) + 1e-8)

32 # Remove el compoment from v2

33 e2 = v2 - (v2 * el).sum(-1, keepdim=True) * el

34 e2 = e2 / (torch.linalg.norm(e2, dim=-1, keepdim=True) + 1e-8)

35 e3 = torch.cross(el, e2, dim=-1)

36 # R has el,e2,e3 as columns: R = [el | e2 | e3]

37 R = torch.stack([el, e2, e3], dim=-1) # (..., 3, 3)

38 return R

41 def _dihedral(a: torch.Tensor, b: torch.Tensor,

42 c: torch.Tensor, d: torch.Tensor) -> torch.Tensor:
43 """Compute dihedral angle for four points a-b-c-d.

44

45 Returns angle in radians, shape (...).

46 e

47 bl = b - a

48 b2 = c - b

49 b3 = d - ¢

50 b2_norm = b2 / (torch.linalg.norm(b2, dim=-1, keepdim=True) + 1le-8)
51 nl = torch.cross(bl, b2, dim=-1)

52 n2 torch.cross (b2, b3, dim=-1)

53 ml = torch.cross(nl, b2_norm, dim=-1)

54 x = (n1 * n2).sum(-1)
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y = (m1 * n2).sum(-1)
return torch.atan2(y, x)

def _random_so3(shape: Tuplel[int, ...], device="cpu", dtype=torch.float32)
-> torch.Tensor:
"""Sample a uniform random S0(3) rotation matrix.

Uses the QR decomposition approach (Mezzadri 2007).
Returns (*shape, 3, 3).

nnn

n =1
for s in shape:
n *x= s

z = torch.randn(n, 3, 3, device=device, dtype=dtype)

q, r = torch.linalg.qr(z)

# Ensure proper rotation (det = +1)

sign = torch.sign(torch.diagonal(r, diml=-2, dim2=-1)) # (n, 3)
q = q * sign[:, None, :]

det = torch.det(q)

gldet < 0] = -gldet < 0]

return q.reshape (*shape, 3, 3)

class CATHFrameDataset (Dataset):
"""CATH protein backbone dataset returning SE(3) frames.

Each sample is a dictiomnary:

rotations : (N, 3, 3) per-residue rotation matrices
translations: (N, 3) Calpha positions in nm (centered)
psi_angles : (N,) psi torsion angles in rad

mask : (N,) 1.0 for valid residues, 0.0 for padding
length : int actual chain length (unpadded)

def __init__(
self,
jsonl_path: str,
splits_path: str,

split: str = "train",

max_len: int = 256,

augment: bool = True,
)

super () . __init__Q)

self .max_len = max_len

self .augment = augment

# Load split mnames

with open(splits_path) as f:
splits = json.load(f)

valid_names = set(splits[split])

# Load chains

self.entries: List[Dict] = []
with open(jsonl_path) as f:
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def

def

for line in f:

rec = json.loads(line)
if rec["name"] not in valid_names:
continue

L = len(rec["seq"])
if L > max_len or L < 10:

continue
# Check for enough non-Nal coords
ca = np.array(rec["coords"]["CA"])
valid = “np.isnan(ca).any(axis=1)
if valid.sum() < 10:

continue
self .entries.append(rec)

print (£f" [CATHFrameDataset] split={split} 1loaded {len(self.entries)}

chains "
f"(max_len={max_len})")

__len__(self) -> int:
return len(self.entries)

__getitem__(self, idx: int) -> Dict[str, torch.Temnsor]:

rec = self.entries[idx]
L = len(rec["seq"l)

# 1. Extract backbone atom coordinates (L, 3)

coords_N = torch.tensor(rec["coords"]J["N"],
coords_CA = torch.tensor(rec["coords"]["CA"],
coords_C = torch.tensor(rec["coords"]["C"],
coords_0 = torch.tensor(rec["coords"]["0"],

# Build wvalidity mask: all four atoms must be
valid = (

“torch.isnan(coords_N) .any(-1)

& “torch.isnan(coords_CA).any(-1)

& “torch.isnan(coords_C).any(-1)

& “torch.isnan(coords_0).any(-1)

) # (L,)

# Replace NalN with 0 for computation safety

coords_N = torch.nan_to_num(coords_N, 0.0)
coords_CA = torch.nan_to_num(coords_CA, 0.0)
coords_C = torch.nan_to_num(coords_C, 0.0)
coords_0 = torch.nan_to_num(coords_0, 0.0)

# 2. Convert to mnanometers

coords_N = coords_N / 10.0
coords_CA = coords_CA / 10.0
coords_C = coords_C / 10.0
coords_0 = coords_0 / 10.0

wn Angstroms

dtype=torch.
dtype=torch.
dtype=torch.
dtype=torch.

non -Nall

# 3. Center Calpha to zero mean (only valid residues)

valid_f = wvalid.float ()

center = (coords_CA * valid_f[:, None]).sum(0) / valid_f.sum().clamp

(min=1)
coords_N = coords_N - center
coords_CA = coords_CA - center
coords_C = coords_C - center

coords_D0O coords_0O - center

# 4. Gram-Schmidt frames from N, CA, C
vl coords_C - coords_CA # (L, 3)
v2 coords_N - coords_CA # (L, 3)
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174 rotations = _gram_schmidt(vl, v2) # (L, 3, 3)

176 # 5. Psi torsion angles: dihedral (N_i, CA_i, C_i, N_{i+1})

177 psi = torch.zeros (L)

178 if L > 1:

179 psil:-1] = _dihedral(coords_N[:-1], coords_CA[:-1],

180 coords_C[:-1], coords_N[1:])

181 # Last residue: mo N_{i1+1}, leave as 0

182

183 # 6. Data augmentation: random SO0(3) rotation of ALL atoms

184 if self.augment:

185 R_aug = _random_so3((), device=coords_CA.device, dtype=coords_CA
.dtype) # (3,3)

186 coords_CA = torch.einsum(”ij, nj -> ni", R_aug, coords_CA)

187 coords_N = torch.einsum("ij, nj -> ni", R_aug, coords_N)

188 coords_C = torch.einsum("ij, nj -> ni", R_aug, coords_C)

189 coords_0 = torch.einsum("ij, nj -> ni", R_aug, coords_0)

190 # Rotate frames: R_mew = R_aug @ R_old

191 rotations = torch.einsum("ij, njk -> nik", R_aug, rotations)

193 translations = coords_CA # (L, 3)

195 # 7. Pad to maxz_len

196 pad = self.max_len - L

197 mask = torch.cat([valid_f, torch.zeros(pad)])

198

199 if pad > O:

200 rotations = torch.cat([rotations, torch.eye(3) .unsqueeze
(0) . expand (pad, 3, 3)], dim=0)

201 translations = torch.cat([translations, torch.zeros(pad, 3)],
dim=0)

202 psi = torch.cat ([psi, torch.zeros(pad)], dim
=0)

203

204 return {

205 "rotations": rotations, # (maz_len, 3, 3)

206 "translations": translations, # (maz_len, 3)

207 "psi_angles": psi, # (mazxz_len,)

208 "mask" : mask, # (maz_len,)

209 "length": L,

210 }

211

212

213 #

217 class LengthBucketSampler (Sampler):

218 """Groups proteins by length for efficient batching.

219

220 Buckets: [10-50), [50-100), [100-150), [150-200), [200-256].
221 Within each bucket, indices are shuffled; buckets are iterated in
222 random order to mix the training signal.

223 men

224

225 def __init__(

226 self,

227 dataset: CATHFrameDataset,

228 batch_size: int = 8,
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bucket_boundaries: Optional[List[int]] = None,
shuffle: bool = True,
drop_last: bool = False,

self.dataset = dataset

self .batch_size = batch_size
self.shuffle = shuffle

self .drop_last = drop_last

if bucket_boundaries is None:
bucket_boundaries = [50, 100, 150, 200]
self .boundaries = bucket_boundaries

# Assign each sample to a bucket
self.buckets: List[List[int]l] = [[] for
boundaries) + 1)]
for i, entry in enumerate(dataset.entries):
L = len(entry["seq"])
placed = False
for bi, b in enumerate(self.boundaries):
if L < b:
self .buckets[bi].append (i)
placed = True
break
if not placed:
self .buckets[-1].append (i)

in range(len(self.

def __iter__(self):
batches = []
for bucket in self.buckets:
if len(bucket) == 0:
continue
indices = list (bucket)
if self.shuffle:
perm = torch.randperm(len(indices)).tolist ()
indices = [indices[p] for p in perm]
for i in range(0, len(indices), self.batch_size):
batch = indices[i : i + self.batch_sizel
if self.drop_last and len(batch) < self.batch_size:
continue
batches.append(batch)

# Shuffle batch order

if self.shuffle:
perm = torch.randperm(len(batches)).tolist ()
batches = [batches[p] for p in perm]

for batch in batches:
yield batch

def __len__(self) -> int:
total = 0
for bucket in self.buckets:
n = len(bucket)
if self.drop_last:
total += n // self.batch_size
else:
total += (n + self.batch_size - 1) // self.batch_size
return total

Listing 6: Data Loading (data.py)
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